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Abstract: Mathematical proof is an important aspect in mathematics,
especially in analysis. An error in the mathematical proof
construction process often occurs. This study aims to analyze the
students’ errors in producing proof. Each of the categories of
students’ Adversity Quotient (AQ) is identified related to the type of
students’ error. The type of students’ errors used according to
Newmann’s Error Analysis. This study used a qualitative approach.
This study was conducted to 25 students who were taking real
analysis course. Documentation, test, and interview were used to
gather the data. Analyzing the students’ test result and then
interviewing them for each AQ category were done for the analysis
process. The results show that there are 48% climber students, 52%
camper students, and no one is identified as a quitter student. Climber
students tend to make some proving error such as transformation
error, process skill error, and encoding error while camper students
make the comprehension error, transformation error, process skill
error, and encoding error when they are producing proof.

INTRODUCTION

Analysis is  one

branch  of

2009). Besides that, Knuth also says that
mathematical proof plays a role in

mathematics. This is stated in one of the
courses called real analysis. It should be
noted that mathematics is not merely
numbers. This is in line with Hernadis'
(Hernadi, 2016), an opinion which says
that so far the views on mathematics were
still within the scope of the calculation
activities relating to variables and
numbers. However, it should be noted that
important activities in the study of
mathematics are mathematical proof the
truth or facts applied and communicated
in mathematics. Therefore, Yi Yin Ko and
Eric Knuth say that mathematical proof is
one of the basic abilities for advanced
mathematical thinking (Ko & Knuth,

systematizing statements into axiomatic
systems (Sucipto & Mauliddin, 2016).
Mathematical proof includes thinking
about new concepts, focusing on
important aspects, using relevant prior
knowledge, defining new things (if
needed), and compiling valid argument
(Hidayat, 2017; C. K. Sari, Waluyo,
Ainur, & Darmaningsih, 2018). This must
be based on a deductive mindset so that
students are able to understand the
mathematical proof process (Ekayanti,
2017). There is often a misunderstanding
in solving mathematical proof problems,
including the use of empirical arguments
in the process of mathematical proof
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(Stavrou, 2014). This is not an easy job,
and it can be seen from the many errors
made by students in completing
mathematical proof cases.

Some errors in mathematical proof
occur because students have not fully
understood the true nature of
mathematical proof. Students still often
do mathematical proof using examples.
Of course, this is invalid for the
mathematical proof process. Besides that,
the argument used is illogical. There are
times when the mathematical proof made
does not conclude. This can occur
because of failures or errors in the first
few stages are failing to reach the next
stage (D. P. Sari, Darhim, & Rosjanuardi,

2018; Wijaya, Heuvel-panhuizen,
Doorman, & Robitzch, 2014). The
problem, critical thinking skills are

needed so that students can plan and
execute it effectively and accurately
(Sukoriyanto, Nusantara, Subanji, &
Chandra, 2016). This also applies in the
case of mathematical proof where the
students are required to have tenacity and
resilience in facing existing difficulties.

Tenacity and resilience in facing
challenges or difficulties are called
Adversity Quotient (Stoltz, 2000). Stoltz
divides three types of AQ, namely
quitters, campers and climbers. The
quitters tend to lack the willingness to
accept the challenges that exist in their
lives. The campers already have the
willingness to try facing the challenges
and problems, but this type of individual
thinks that the effort is enough. The
climbers tend to survive and struggle in
facing  problems, challenges, and
obstacles (Yanti, Koestoro, & Sutiarso,
2018).

Considering that, the real analysis
course is more dominated by
mathematical proof, including in the rules
of proof derived from formal definitions,
as well as the theorems or lemmas
associated previously (Ah, 2016). This is
considered a difficult thing for students.
Because of these difficulties, AQ is

needed in learning mathematics (Guntur
Suhandoyo, 2016). Therefore, this
research was carried out in real analysis
course to know more about the types of
errors made by the students in learning
mathematics, especially mathematical
proof in terms of Adversity Quotient.

THEORETICAL SUPPORT

Hernadi says that mathematical
proof is a method of communicating a
mathematical truth to others who also
understand the language of mathematics
(Hernadi, 2016). A proof is a series of
logical arguments that explain the truth of
a statement or proposition. (Stefanowich,
2014) states that proof is a series of
logical statements, where one statement
influences the other statement, of course,
there must be a valid explanation of the
truth of the statement. Logically, in this
case, it is intended that each step in the
mathematical proof must be based on
previous steps or other facts with
guaranteed truth.

Anne Newmann classified types of
errors into five types, including reading
errors, comprehension errors,
transformation errors, process skill errors,
and encoding errors (Bagus Nur Iman,
Toto Nusantara, 2016). Students are said
to make a reading error if they experience
errors in reading and understanding the
command of the questions and errors in
recognizing the symbols on the question.
Comprehension error occurs when the
students did not know what is known and
asked from the question. Transformation
errors occur if students experience errors
in determining problem-solving strategies.
Students experience a process skill error if
they make algebraic operational errors
and are wrong in carrying out completion
procedures. While encoding errors occur
when the students are able to determine
the solution to the problem, but they are
unable to write the procedure and form
the answer correctly.

Intelligence is one of the
psychological factors that influence
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learning achievement (Leonard, 2017).
There are several types of intelligence
including Adversity Quotient. Adversity
Quotient (AQ) is a person's ability to
struggle with and overcome obstacles,
difficulties, or problems that exist and
will turn them into opportunities for
success (Stoltz, 2000). Understanding the
importance of AQ in achieving success
will encourage the students to always
struggle in the learning process even
though they must face various obstacles
and difficulties (Rukmana & Paloloang,
2016). AQ possessed by each individual
in facing and overcoming difficulties is
different. The level of ability possessed
will have an impact on the ability to go
through life and be able to provide great
benefits for success (Nurhayati, 2015).
Stoltz illustrates that life is like climbing a
mountain. Therefore, Stoltz divides AQ
into three types, namely Quitters (groups
of individuals who stop) are groups of
individuals who lack the willingness to
accept the challenges that exist in their
lives. The quitter will be more likely to
reject challenges or problems (Hidayat,
Herdiman, Aripin, Yuliani, & Maya,
2018; Christina Kartika Sari, Sutopo, &
Aryuna, 2016). In the world of education,
students who belong to the quitter type
are students who are easy to give up and
despair in facing the problems. Campers
(groups of individuals who camp) are

Table 1. The Indicators of Adversity Quotient

groups of individuals who already have
the will to try to deal with challenges and
problems but then they feel that it is
enough. These individual groups prefer
safe situations or prefer to be in a comfort
zone. Students who belong to the campers
usually type already struggle, but one
factor could make them give up and
eventually lost the challenge. Climbers
are groups of individuals who tend to
survive and struggle in facing problems,
challenges, and obstacles. Students who
belong to the climber type are learners
who always sought and unyielding
(Wardiana, 2014; Yani, Ikhsan, &
Marwan, 2016). Students of the climber
type tend to have the desire to get better
(Indra Kurniawan, Kusmayadi & Sujadi,
2015).

Someone with high AQ will be
encouraged to get the best results by
actively acting, always taking advantage
of the opportunities that exist, and having
the willingness to learn independently
(Novilita & Suharnan, 2013). Yanti and
Syazali suggest that the high and low AQ
can be measured using an indicator which
consists of four dimensions including
Control, Origin, Reach and Endurance
(Yanti & Syazali, 2013), as shown in
Table 1. The AQ score can be counted
using the formula C + O+ R + E = AQ
(Stoltz, 2000).

Indicators (AQ Dimension: CO2RE)

Description

C Control; the level of control toward the

events lead to problems

0, Origin and Ownership

Students’ self-control when sensing a problem

O : The ownership of the origin of problems
Ow: The ownership toward the problems

The students’ ownership of how far the problem
could reach other aspects of live

Students’ perception of how long will the
problems going on

R Reach; how far the problem could reach
other aspects of live

E Endurance

METHOD

This study uses the qualitative
approach with descriptive research type.
This research was conducted at the

Mathematics Education Study Program.
The research subjects were the students
who took Real Analysis courses in the
second semester of the 2017/2018
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Academic Year with a total of 25
students. Sampling technique used was
purposive. The data collecting techniques
were  documentation, tests, and
interviews. The students first fill out a
questionnaire of Adversity Quotient to
later group them into three categories
namely climbers, campers, and quitters.
From the questionnaire, the AQ score was
obtained.

Furthermore, the categorization of
AQ in this study refers to the
determination of the interval category
(Azwar, 2002), based on the theoretical
mean (u) and standard deviation (o). The

Table 3. Results of Adversity Quotient Questionnaire

categorization criteria can be seen in
Table 2 below. Where X states, the AQ
score obtained.

Table 2. Categorization of AQ

Criteria Category
u+10c=X High
w—1,00 =X <pu+ 1,00 Medium
X <pu—1,00c Low
After analysis of the AQ,

questionnaire had been conducted, and the
results were obtained as presented in
Table 3.

Dimen- Number Score Mean Standard
sion of Deviation
Subjects t-Min  t-Max e-Min e-Max Theore- Empi- Theore- Empi-
tical rical tical rical
C 25 8 32 20 28 20 23.32 4 1.95
02 25 11 44 26 41 27.5 32.84 55 3.80
R 25 12 48 28 41 30 35.80 6 3.11
E 25 9 36 21 35 22.5 26.28 4.5 3.17
AQ 25 40 160 101 140 100 118.24 20 9.04
Furthermore, from the data in Table selected as a subject who will be

3, the theoretical mean and standard
deviations were then used to determine
the AQ categorization criteria in this
research. The categorization criteria are in
Table 4.

Table 4. AQ Categorization

Criteria Category
120 =X High
80 =X <120 Medium
X <80 Low

For the category of the Adversity
Quotient, the highest category is assumed
to be the Climbers category, and the
medium category is assumed to be the
Campers category, while the lowest
category is assumed to be the Quitters
category. Then the students were given a
test of mathematical proof, the results of
the tests are analyzed as a determination
for the next process, namely interviews.
From each category selected the work
results of students with the type of error
that represents other students and then

confirmed the results of their work
through interviews. As for the analysis of
the results of interviews conducted by
going through several stages, namely data
reduction, data presentation, and final
conclusion.

RESULT AND DISCUSSION

Based on the data obtained,
grouping students is based on Adversity
Quotient by referring to Table 5.

Table 5. Student Grouping Results

Category Number of Percentage
Students
High 12 48%
Medium 13 52%
Low 0 0%

This study did not find any students
with the quitter Adversity Quotient
category. The result is taken from the
campers and climbers category. The test
questions given were three mathematical
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proof questions. The first problem is as m f(x)

follows:

Prove that x—aO

Given the function f: R = R defined by

exist, but Eféf(x) do not exist

The answer from the climber- type

students can be seen in the following

f(X) — {x if xrational

0 if x irrational

Figure 1.
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Figure 1. The Results of Climbers Type Students’ Work for Question Number 1

Based on Figure 1, it appears that
students proved that the function did not
have a limit by connecting it to a
continuous function. Students thought that
if a function is not continuous, the
function has no limit. This is a wrong
understanding. Furthermore, when further
analyzed was conducted, it appears that

when ¢ € Q obtained f(c)=1 of
course, this is not true based on the
function definition given in the question.
After these things were confirmed to the
students concerned, it turns out that
students were still referring to the
example discussed in the previous lecture.
In addition, students still had the wrong
understanding regarding the limit of
functions and continuous functions.
Therefore, students experienced errors in
determining strategies to solve these
problems. While in the process, there
were still a number of incorrect steps. The
results of this analysis can be seen in the
following Table 6.

Table 6. Results of Analysis of Type Student
Work Climber for Number 1.

Types of Errors Analysis Results

Reading Error ~ Students do not experience
problems in reading errors.

Students  understand  the
problem given in question
number 1.
Comprehension  Students know and
Error understand what information

given by question number 1
and what must be proven. It
is seen that students are able
to write the definition of
functions given in
mathematical language.
Transformation  Students make mistakes in
Error this type. It is seen that the
strategy used by students is to
show that a continuous
function has no limit. Of
course, this is in contrast to
the facts.
Process  Skill Students still make mistakes
Error in carrying out some
verification steps. It can be

seen € ER\Q s written

f(C) = 0. course this is not
in accordance with the
definition given.

Encoding Error  Students have not been able
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Analysis Results
to determine the resolution of
this problem correctly.

Types of Errors

Thus, it can be seen that students
experience a tendency for transformation
error and process skill error. Next in
Figure 2, the results of Camper type
students for question number 1. The
results of this work indicated that there
was a mismatch between the answers and
the questions. The students were required

to prove that the limit for X = 0 exists,
while the limit for ¥ = ¢ and ¢ # 0 do

not exist. However, it can be seen that
students show /* continuous in X = 0 and

not continuous in X # 0. After being
confirmed through interviews, it turns out
that students were fixated on the sample
questions that were discussed at the
lecture. Students understood when they
were asked to prove that the limit exists,
but did not know what can be used from
the information given by the question. So
that students had difficulty in determining
the next step for the verification process.
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Figure 2. The Results of Camper-type Students’ Answer for Question Number 1

The results of the analysis are in the
following Table 7.

Table 7. The Analysis Results of Camper-type
Students” Answer for Question Number 1

Type of Error Analysis Results
Reading Error  If you see the results of
student work above, it seems
that there is an error in the
reading process. Because
there is a mismatch between
questions and  answers.
However, after being
confirmed through
interviews, it turned out that
students were aware of that.
So, students know that the
answer given is not by the
question.

Students provide such
answers because they only

Comprehension
Error

Type of Error Analysis Results

know a little from the
information. The rest of the
students did not know what
could be wused from the
information provided by the
question.

Students did not know what

Transformation

Error strategies to use to solve
problems in this question.

Process  Skill Students do not carry out

Error verification procedures
correctly.

Students have not been able
to determine the resolution of
this problem correctly.

Encoding Error

Thus, on the question, it can be seen
that the student tend to do comprehension
errors, transformation errors, and process
error skills. For the second question, it is
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still in the form of mathematical proof.
The second question is as follows:

For example, let ftA-R be continuous on R
and let X, sequences in A is convergent. Prove

he lim(f (x,)) = f(lim(x,,)),

Following is the work results from the
climber-type students for the second
question.
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Figure 3. The Results of Climber-type Students’ work for question number 2

From Figure 3, it appears that
students proved this case by connecting
the concepts of continuous functions and
limit lines. In the first stage, students took
advantage of the concept that when a
function is continuous, the limit is exist,
the function value is exist, and the limit
value is the same as the function value.
However, students did not provide a

justification regarding the line of (xn)
used. Next, students used the concept of
converging sequence for the next process.
However, it appears that students wrote

down Im(x,) =x, since (*2) was a
convergent sequence. Then the conclusion
was that the limit value was equal to the
value of its function. After being
confirmed to the students concerned,
information was obtained that the students

used line (*n) on continuous concepts so
that they could be linked to the
information given, namely sequences
(xn) convergent. Furthermore, when the
students wrote Im(x») = X» in hopes that
they could be connected to the concept of

continuous function. From the results of
this confirmation, it can be seen that the

students used the correct strategy, but at
the time of execution, it seems that
students used inappropriate methods.
Thus, it can be seen that in this problem
students did not make a transformation
error, but a process skill error.
Furthermore, students had led to solving
the problem, but the form of the answer
given was still incorrect. It can be
concluded that this thing is included in
encoding errors. The results are presented
in Table 8.

Table 8. The Results of analysis of the Climber-
type Students” Work for Question Number 2
Type of Error Analysis Results
Reading Error ~ Students do not experience
problems related to reading.
Comprehension  Students understand  the
Error purpose of the problem, and
it seems that students use all
the information provided by

the problem.
Transformation  Students have had a
Error strategic idea to prove this

case, namely by connecting
the limit of the line and the
continuous function. This is
done by utilizing the
properties that apply to the
limit of functions and
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Type of Error Analysis Results
continuous functions.
Process  Skill In the process, it appears

Error that students are still writing
inappropriate  procedures.
This can be seen from the
statement lim(xn) = x5, Of
course, this statement raises
questions, but there is no
justification for this
statement.

Student answers have led to
solving the problem, but the
form of the answer given is
not correct. Because there
are some steps that are not
clear and there is no
justification.

Encoding Error

Furthermore, the following (Figure
4) is the work result of the camper-type
students for question number 2. After
further observing the results of student
work in Figure 4, students intend to prove
this case by using formal definitions of
continuous functions and limit functions.

However, students do not provide a
definition of continuous functions but a
definition of limit functions. It seems that
students have not been able to correctly
identify what is informed by the problem
and what can be utilized from the
question information. It seems that
students experience error comprehension.
Furthermore, in the process, the
definition of convergent sequence does
not appear in the results of students’
work. There appears to be a statement
Ve>0,36 >0 3 |x, — lim(x,)| < § —
|f () — fim(x,))| < &
caused by the convergence of lines (),
but there should be an explanation before
writing the statement above because if so,
the causal relationship above is not
suitable.
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Figure 4. Results of Camper-type Students” Work for Question Number 2

After being confirmed with the
students concerned, it turns out that
students are still confused about how to
use the concept of converging sequence.
Therefore, students direct the answer to
statement 1. It appears that in this

problem, Camper-type students are
similar to Climber-type students in the
sense that they have the right problem-
solving strategies, but made mistakes in
carrying out the strategy.
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Table 9. The Results of the Analysis of the

Camper-type Students’ Work for Question
Number 2
Type of Error Analysis Results

Reading Error ~ Students do not experience

problems related to reading.

Comprehension  Students cannot use the

Error information provided by the
problem. The actual concept
that needs to be reviewed in
this problem is the definition
of continuous  functions.
However, students instead
provide a definition of limit
functions.

Transformation  Students have the right

Error strategy, namely by utilizing
formal definitions.
Furthermore, students try to
associate the concept of
continuous function with a

line limit.
Process  Skill In the process, the student
Error only mentions once the line

limit is locked and there is no
justification at all regarding

Type of Error Analysis Results

the line limit.

The results of the students’
work have led to the
completion of the desired
final form. However, the
verification procedure
provided is still incorrect.

Encoding Error

Thus, for question number 2, the
Camper-type students have a tendency
toward the comprehension errors, process
skills error, and encoding errors. The third
question is still in the form of
mathematical proof. The third question is
as follows:

Prove that the set of limit points of a set is closed.

The following is the result of
students’ work for the third question.
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Figure 5. Results of Climber-type Students’ Work for Question Number 3

The result of the student work
above shows that the strategy used to
prove the case was the definition of a
closed set. However, the reason or
explanation given was not so strong to
conclude. After being confirmed to the
students, they were still confused to
provide mathematical proof  of
justification. As a result, students
provided compelling conclusions. In this
case, it can be seen that the students
already had mathematical proof of ideas
or strategies, but the same as in solving

the previous questions, they still had
problems with the execution of the
strategy.

Table 10. Results of Analysis of the Climber-type
Students’ Work for Question Number 3
Types of Errors Analysis Results
Reading Error Similar to other cases,
students do not experience

problems  related to
reading.
Comprehension Students have understood
Error information that can be

used from the questions
given. It is seen that
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Types of Errors Analysis Results

Types of Errors Analysis Results

students can  provide
definitions of gathering
points and definitions of

closed sets.
Transformation Students have the right
Error strategy, namely by using
the definition of closed
set.
Process Skill When  executing  an

Error existing strategy, students
are still lacking in giving
justification at each step.

Encoding Error The results of this
students’ work have led to
completion and have the
desired final form. But the
justification is still

lacking, and it can be said
that the justification is still
not strong enough to
conclude this proof.

Thus, it can be seen that the
climber-type students have a tendency to
make mistakes in the process skills error
and encoding errors (Indra Kurniawan,
Kusmayadi & Sujadi, 2015). The
following is the work of the camper-type
students for question number 3.
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Quraan baba latn
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Figure 6. The results of the Camper-type Students’ Work for Question Number 3

The result of question number 3 is
generally similar to the answer of the
climber-type students. The students use
the definition of closed sets to prove this
case. However, students encountered
problems in how to justify this
verification. So, students don't have
problems in determining strategies, and
problems arise when executing the
strategy. This shows that the error that
tends to occur for question number 3 is
the process skill error and encoding error.

CONCLUSION
There are several types of errors

that students tend to do in solving
mathematical cases in the form of
mathematical proof. For climber-type

students, some types of errors that they
tend to do in doing mathematical proof
are transformation errors, process skill
errors, and encoding errors. The camper-
type students tend to do comprehension
errors, transformation errors, process
skills error, and encoding errors. In
comprehension error, it can be seen that in
compiling proof, the students understand
the intention of the problem but do not
know what information can be taken. For
transformation error, it can be seen from
the misunderstanding between the concept
of continuous functions and limit
functions. As for the process skill error, it
can be seen from students’ errors in
writing mathematical proof, and there are
still steps that are not accompanied by
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justification, or even steps that are not
written correctly. The encoding error can
be seen from the evidentiary steps that
have been written down, have not been
compiled with the correct flow, and there
is still a lack of mathematical proof
justification for drawing conclusions.
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