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vertex-connected is called strong rainbow vertex
connection-number and denoted by srvc(G). Suppose there
is a simple, limited, and finite graph G. Thus, G =

*Correspondence: E-mail: (V(G),E(G)) with the determination of k-coloring
farhanah.akadji@gmail.com c:V(G) = {1,2,...,k}. The research aims at determining

rainbow vertex connection-number and strong rainbow
vertex connection-number on slinky graphs (SL,C,).
Moreover, the research method applies a literature study
with the following procedures; drawing slinky graphs
(51,C4), looking for patterns of rainbow vertex connection-
number, and strong rainbow vertex connection-number on
slinky graphs (S1,,C,), then proving the theorems obtained
from the previous pattern. It is obtained rvc(SL,C,) =
2n—1, srvc(Sl,C,) =4, and srvc(Sl,C,) =3n —
3forn=3.

Doi:
10.24042/djm.v4i2.7276
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INTRODUCTION colored to distinguish neighboring
countries with at most five or six colors to
be used. To color states in the United
States what is the minimum number of
colors used if every two states that share
frontiers are required to be colored
differently. After conducting research on
this problem, it was found that indeed four

The problem of four colors is one of
the cases of graph coloring which uses
regional coloring that first appeared when
trying to color maps in the United States of
America (Balakrishnan & Ranganathan,
2012). As mentioned by Coxeter (1971)
that map of the United States will be
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colors are needed to color all states in the
United States (Chartrand & Zhang, 2012).

As the topic of graph coloring
developed, one specific topic appeared in
graph coloring, the Rainbow Connection
Number. Rainbow connection number
was first introduced by Chartrand (2008).
Let G is a non-trivial connected graph
consisting of a set of (V, E) with a set of
vertices G called V(G) and a set of edges G
(which may be empty) is called E(G)
(Budayasa, 2007). The u — v path is said to
be a rainbow path if there are no two
edges with the same color. It says rainbow
k-coloring if each pair of u and v in G has
a rainbow path with u and v as its end
vertices (Chartrand et al,, 2008).

Rainbow connection number have
several types, one of which is rainbow
vertex connection number. Rainbow
vertex connection number was introduced
by Krivelevich & Yuster (2010). Let G
graph be non-trivial connected. Path P
with k-vertex coloring is called rainbow
vertex path. Next, the rainbow vertex
connection number was developed by Li et
al. (2014) and found the strong rainbow
vertex connection number.

Many researchers have developed
rainbow vertex connection number on
various types of graphs. Among them,
research conducted by Bustan (2019) in
her thesis that discusses rainbow vertex
connection number on star wheel graphs.
Then, Bustan (2016) that discusses
rainbow vertex connection number on
cycle star graphs. Bustan & Salman (2018)
examined the rainbow vertex connection
number of star fan graphs. Furthermore,
Dafik et al. (2018) that discusses strong
rainbow and vertex connection of graphs
resulting from Edge-Comb products.
Moreover, Chen et al. (2018) that
discusses strong rainbow connection of
graphs.

Furthermore, based on previous
research, we took research on slinky
graphs to find the rainbow  vertex
connection number and strong rainbow

vertex connection number. Slinky graph is
a graph that we have developed using
cycle graphs. The slinky graph with the
notation Sl,,C, is the multiplication of n
cycle graphs by attaching a copy of the
cycle graph right next to it. The cycle graph
used in this article is the €4 cycle graph
(Vasudev, 2006). So, SL,,C, is a slinky
graph withn > 2.

METHOD

This study uses a literature study
research method (library research). In this
research, a study was conducted on books,
textbook, journals, and scientific articles
about numbers connected to the rainbow
points.

The steps taken in this research are
formulate the problems discussed and
studying various references of coloring
the rainbow vertices on graphs. Describe
the problem to analyze the problems that
have been obtained. Prove patterns and
the theorems. We draw a slinky graph one
by one with n from 2 to 8. Then, looking
for the pattern of rainbow vertex
connection number rve (G) of G and the
strong rainbow vertex connection
umber srvc (G) of G. Prove the theorem
obtained from the previous pattern.
Formulate conclusions based on the
proven theorem analysis results.

RESULTS AND DISCUSSION

Definition 1. Suppose n is a positive
integer where n = 2 and Sl,C, is slinky
graph. The slinky graph (S1,C,) is a
multiplication of cycle graph C, of n and
has a diameter or is denoted as diam(G) of
2n.

The slinky graph (S[,,C4) is formed
by a set of vertices and edges which are
respectively defined by:

V(G) = {wli € [1,2n — 2]} U v;]i € [1,4n]
E(G) = {(viViy1, Vans1 = v1li € [L4n]} U

viu;_q,v;u;|i € [1,2n — 2],ieven U
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{Van—ilt, Van—iu;_11i € [1,2n —
2], i even}

The following figures are slinky
graph Sl,C, and Sl;C, using Definition 1,
which are shown in Figure 1 (Ummabh,
2013).

Figure 1. Slinky Graph Si5C,

Rainbow Vertex Connection on
Slinky Graphs (S1,,C,)

Theorem 1. Suppose n is a positive integer
where n = 2 and S1,C,4 are slinky graphs,
then

rve(G) =2n—1

Proof:

Since diam(Sl,C,) = 2n, it will be
shown that rvc(G) < 2n— 1. For this
reason, the coloring defined presented in
Definition 2 as follows.

Definition 2. Suppose n is a positive
integer where n > 2 and S1,C4 are slinky

graphs, then defined c coloring c:V(G) —
{1,2,3,...,2n — 1} as follows

u =1, € [1,2n - 2]

vi=2n—1, i=2n—1Ai=4n-2
vi=imod(2n—1), i€ [1,4n],i # 2n—
1ANi#4n -2

So, based on Definition 2, it is
obtained the rainbow vertex coloring of
slinky graph SlgC, shown in Figure 2.

Figure 2. Rainbow Vertex Coloring Sl3C,

Furthermore, for each pair of
neighboring x and y vertices there is
clearly a rainbow path. This is shown in
Table 1, where for each pair of vertices
x,y € V(G) there is arainbow path with c-
coloring (Wibisono, 2008).

Table 1. Rainbow Path S.,,C,

Case X y Condition Rainbow Path

1 v, v ,je[12n+1]i<j Vi) Vigts oons Uj
i €2n+1,4n),i<j Vi) Viga, oer Uj
JE[2n+L4n+ HH|vgner =
V1
,jE2n—14n—-1],i<j Vi, Vigts oy Uj
i,j €[2n,4n],i <j Vi, Vig1, s Uj

2. U Uy i,j €[1,2n—2],i,j odd Uj, Vg1, s Vjrts Uj
i,j €[1,2n—2],i,j even Ui, Vjy oens V) U
i,je[12n—-2],i<j Wi, Vigts s V) Uj

iodd,j even

i,j €[1,2n—2],i <},

u;, vi, ..., 17]'+1, u]'
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Case X y

4, U,  Vyp

7. Vi  Van-j+1

Condition

i even,jodd
i€[1,2n—2],iodd

i €[1,2n—2],ieven
i€[1,2n—2],iodd

i €[1,2n—2],ieven
i€[1,2n—2],iodd

i €[3,n],iodd,jeven
jeRn+1—i2n-2],
kel[dn—j,2n+1]
i€[n+12n—1],iodd
ke[2n+1,3n—1]
i€[1,n+1],iodd
ke[3n—14n—1]
i€[n+12n—1],iodd
ke[3n+12n+i—2]
i €[1,2n—2],i even
k€[2n+1,4n — 2]
i€[3,n—2],iodd
ke[2n+1i,3n—al

{ 2, odd
a =
3, even

i€[n+22n—1],iodd
j€e[22n—i+1],jeven

Rainbow Path

Vanr V1, V25 oy Vi1, U
VUsn, V1, VU3, ..., Ui, U

Uiy Vit1, Vigs - V2n

Ui, Uiy Vigay s Vo

Vi) Vit1, Uir Van—i—1, Van—i
Vi Vit oees Vjy Uj, Vg —j,

v Vg

Vi, Vit Ui+1, Van—i—1, -+ Vg

Vi Vivv Ui+ Van—i—1, -+ Vg

Vi, Vit Uit1, Van—i—1, -, Vk

Vi, Uj, Ugn—iy =, Vg

Uiy Vi1, Uit1, Van—i-1 Van—i-2,

ey Vg

Vi, Vi1, Vj—2, e} Uj,Uj, U4n_j,

Usn—j+1

Strong Rainbow Vertex Connection
on Slinky Graphs(S5.,,C,)

Theorem 2. Suppose n is a positive integer
where n = 2 and S1,,C, are slinky graphs,
then

srve(G) = { ; 4, forn=2

n—3, forn >3

Proof:
Proof of theorem 2.2 is divided into 2
cases, namely:

Casel.Ifn = 2.

Because diam(Slzc4) = 4, SO
srvc(Sl,C,) = 3. Furthermore, it will be
shown that srvc(SI,C,) = 4. Let
srvc(Sl,C,) < 3, then there is ¢* a 3-
strong rainbow vertex coloring on SI,C,
defined by ¢*: V(G) - {1,2,3. Without loss

of generality, let a coloring defined as
follows:
U = i,i € [1,3]

Note that vg,u; and u, can't be
colored 2. Let the color is 2, then there is a
path that is not rainbow, namely
V4, Vg, Uq, Vg, Us. SO, let the 1 color to color
the vertices u; and u,, the color 3 to color
the vertex v; Vertices vs and v, can't be
colored 3. If given a color of 3, then there
is a path that is not rainbow, namely
V4, Vs, Vg, U7, Vg. SO, let's say that vg is
colored2 and v, colored 1. The vertex v,
can only be colored 1. Let the vertex v, is
colored 2 or 3, there is a rainbow path that
is not a rainbow that is vy, v,, v3, vy, Us.
Note that the vertex vg can't be colored 1
or 2. If given a color of 1 or 2, there will be
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a path that is not rainbow, namely
V5, Vg, V1,Vy, V3. The vertex vg can't be
colored 3. If given a color of 3, there will be
a path that is not rainbow, namely
V1, Vg, V7, Vg, Us.

Because slinky graph SI,C, isnota 3-

strong rainbow vertex coloring, we
obtained that srvc(S1,C,) = 4.
Furthermore, it will be proven

srvc < 4. For this reason, the coloring
defined presented in Definition 3 as
follows:

Definition 3. Suppose Sl,C, is slinky
graph, then defined coloring c:V(G) -
{1,2,3,4} as follows

V; = i,i € [1,3]

Vyp = Vg = Ui =4‘,l€ [1,2]

So, based on Definition 3, it is
obtained the strong rainbow vertex
coloring of slinky graph SI,C, shown in
Figure 3.

Figure 3. Strong Rainbow Vertex
Coloring S1,C,

Furthermore, for each pair of
neighboring x and y vertices there is
clearly a rainbow path. This is shown in

ve =2, Table 2, where for each pair of vertices
ve =3, x,y € V(G) there is a strong rainbow path
v, =1, with c-coloring (Wibisono, 2008).
Table 2. Strong Rainbow Path S1,C,
Cases X y Condition Rainbow Path
1 v; v; i,je[15]i<j Vi, Vigay oons Vj
ie[58]li<j Vi, Vigqy s Vj
J€[59]lvg =1,
i,je[37)i<j Vi, Vigay s Vj
i,je[48li<j Vi, Vig1y oons Vj
2 v, v; i €[1,3] Vq, Vg, Uy, oor) Uj
3 Vg v; i €[1,4] Vg, U1, ue) U
4 Uy U, Uy, V2 Uy
U1, Ve, Uz
5 Vg Uy Vg, V1, Uy, Uy
Vg, V7, Ve, Uq
6 Vg U, Vg, V1, Vg, Uy
Vg, V7, Ve, Uz
7 Uy Uy Uq, Uy, V3, Uy
U1, Ve, Us, Vs
8 U, Uy Uy, Uy, V3, Uy
Uz, Ve, Vs, Vg
9 121 Vs V4, Vo, U4, Vg, Vs

V4, V3, Uy, Vg, Us
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Cases x y Condition Rainbow Path
10. V3 v U3, V2,U1, Ve, V7
V3, Uy, Uy, Vg, Uy
Case 2.Ifn > 3. v; =1,i € [1,2n—1]
Let 3n—3=s. Because

diam(SL,,C,) = 2n, so srvc(Sl,,C,) =
2n — 1. Furthermore, it will be shown that
srvc(Sl,Cy) = s for n > 3. Let
srvc(Sl,C,) < s —1 = 3n — 4, then there
is ¢* a s—1-strong rainbow vertex
coloring on Sl,c, defined by c*:V(G) —»
{1,2,3,...,s — 1. Without loss of generality,
let a coloring defined as follows:

Note that vertices u;, u;_; and vy, _;
for i € [1,2n — 2]Vi even can't be colored
c € [2,2n — 2]. Vertices v; for j € [2n +
1,4n — 1], vertices u; and u;_, for i €
[1,2n — 2]Vi even can't be colored with
the same color. Suppose the vertices are
colored so, there will be a path that is not
rainbow like in the Table 3.

Table 3. Non-Rainbow Path

Case Condition

1. i,j€[1,2n—1],i <j,jodd
ke2n+1,4n—j—1]

2. i,je[1,2n—1],i <j,jeven
k€[2n+1,4n —j]

3 i,je[1,2n—1],i>j,jodd

kel4n—j—1,4n—1]

Non-Rainbow Path

Vi) eery Uj+1, uj, U4_n_j_1, vy Uk

Uiy eeey 7.7]', uj, v41l—j' ey Vg

2T Uj+1, u]', U4—n—j—1: ey U

Note that vertices wv,,_; for i€
[1,2n — 2]Vi even can only be colored with
1 or 2n — 1 color and can't be colored with
the same color, so there will only be 2
vertices v,,_; for i € [1,2n — 2]Vi even
can be colored. Color 2 or 2n — 2 can only
be used to color vertices v,,_1 and vy,41.
Suppose the color 2 or 2n — 2 is used to
color the vertices v; for i € (2n + 2,4n —
2), then there will be a path that is not
rainbow like in Table 3 for the case of
1,2,3, and 4. The odd can only be colored
using the same color. Suppose the vertices
v; and v,,_; for i€ [3,2n—3]Vi odd
colored with a different color, then there
will be a path that is not rainbow as in
Table 3 for cases 1,2,3, and 4.

It is known that the path
Vona1r Vana2s - Usan—1 Must have a
different vertices color, so it takes (n — 3)-
more colors to color each vertices v,,,_; for

i €[1,2n—2]Vi even remains. The
vertices v,, can't be colored ¢ € [1,2n —
2]. Suppose that the colors are ¢ € [1,2n —
2], then there is a path that is not a
rainbow that is v4,_1, Van, V1, V2, o), Vop—1 -
The vertex v,, cannot be colored c €
[1,3n — 4]. Suppose that the color is ¢ €
[1,3n — 4], then there is a path that is not
rainbow, namely vy, V4, Van—1, > Vans1-
Furthermore, v,, can't be colored c €
[2,2n — 1]. Suppose that the color is ¢ €
[2,2n — 1], then there is a path that is not
rainbow, namely v;,v,,...,V5,41- The
vertex v,, can't be colored c € [1,3n — 4].
Suppose that the colors are ¢ € [1,3n — 4],
then there is a path that is not rainbow
which IS  Vyn_1,Von, Vongts eoos Van—1-
Vertices u; for i € [1,2n — 2] cannot be
colored ¢ €[1,3n—4]. If colored c€
[1,3n — 4], then there is a path that is not
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rainbow as in Table 3 for the case of 1, and
4,

Because slinky graph SI,,C, forn >
3 are not a (s — 1)-strong rainbow vertex
coloring,we obtained thath srvc(SL,,C,) =
s=3n-—3.

Furthermore, it will be proven
srvc(Sl,C,) < s forn > 3. or this reason,
the coloring defined presented in
Definition 4 as follows:

Definition 4. Suppose n is a positive
integer where n > 3 and Sl,,C, are slinky
graphs, then defined coloring c:V(G) -
{1,2,3, ...,s} as follows

v; =1,i €[1,2n—1]

Vop = Usy = U; = 3n— 3,0 € [1,2n — 2]
Vont1 = 2N — 2
VUsn+i-3 = l,l € [1,2]

Vgn—i = I,1 € [3,2n — 3],i 0dd

Vopazi = 2n+1i—2,i € [1,n — 2]

So, based on Definition 4, it is
obtained the strong rainbow vertex
coloring of slinky graph Si3C, and Sl,C,
shown in Figure 4.

Figure 4. Strong Rainbow Vertex
Coloring S1,C,

Furthermore, for each pair of
neighboring x and y vertices there is
clearly a rainbow path. This is shown in
Table 4, where for each pair of vertices
x,y € V(G) there is a strong rainbow path
with c-coloring.

Table 4. Strong Rainbow Path S1,,C, forn > 3

Case x y Condition

1. v; v; Ljell2n+1]i<j
i€2n+1,4n),i<j
jJE[2n+14n+

1]|vans1 = 11

Rainbow Path
Vi, Vig1y eers Uj

Vi) Uig1s ees U]'

i,j € [Zn — 1,41’1 - 1],l <] Vi, Vit1s ...,U]'

i,j €[2n4n),i <

2. Van—1 v; i €[1,2n—1]
3, U4n Ui l e [112n]
4 ul. u] l,] E [1,211 - 2]; ll} Odd

i,j € [1,2n—2],i,j even

i,je[1,2n—-2],i <},
i odd,j even
,je[12n—-2],i<j
i even,jodd

5. u; Uy i,k€[12n-2],i <k,
i,k odd
Lke[12n-2],i<k

i odd, k even

Vi, Vit1» ...,Uj
Van—1rVan, V1, +r Vg
Vany U1y ooes Ui

Ui Vig1s 0 V1, U
u;, v;, ...,Uj, u]'

Ui, Vig1) ey Vj, 'U,j

u;, vy, ..., Uj+1' Uj

Ui, Van—i-1, Van—-i-2 - Van—k-1 Uk

Uj Van—i—1»Van—i—2 «» Van—k, Uk
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Case x y Condition
iLke[12n-2],i<k
ieven, k odd
i,ke[12n-2],i <k,
i,k even

6 Van u; i €[1,2n—2],io0dd
i €[1,2n— 2],i even

7. u; Von i €[1,2n—2],io0dd
i €[1,2n— 2],i even

8 u; v i €[1,2n—2],i odd
j € [2n,4n]

i €[1,2n— 2],i even
j € [2n,4n]

9. v; Usn—i 1 €[1,2n—2],i odd
i €[1,2n—2],i odd
i €[3,2n],i odd
i €[3,2n],i odd

10. v; vy i,jel12n—-1],i <j,

jodd

ke2n+1,4n—j —1]
ije[1,2n—1]i<j,

j even

k€2n+1,4n— ]

ije12n—11i>],

Rainbow Path

Ui, Van—i» Van—i-1 - » Van—k—1, Uk

Ui, Van—i» Van—i-1 +» Van—j, U;

Van, V1, V2) s Vi1, Ui
Van, V1, VU3, ..., Vi, U;

U Vig1, Vig2s s V2n

Ui, Vi Vit - Vo

Uiy Van—i—1s s Uj

Ui, Van—iy =y Vj

Vi) Vit1, Uiy Van—i—1, Van—i

Uiy Vit1) Uit1) Van—i—1, Van—i
Viy Vi—1,Ui—2, Van—i+1, Van—i
Viy Vi—1,Ui—1, Van—i+1, Van—i

Vi) veny 17]'+1, u]', U4n_j_1, e, Uk

Vi) veny 17]', u]', 174,n_]', v, Vg

Vi) veny 17]'+1, u]', 174-1’1—]'—1! e, Uk

jodd
ke[4n—j—1,4n—1]
i,je[1,2n—1],i >}, Vi ooes Vjy Wi, Vg jy -on Uk
Jj even
k €[4n—j,4n—1]
CONCLUSIONS AND SUGGESTIONS
Based on the main results, to
determine th.e rainbow vertex-connection REFERENCES
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1, for example, on a slinky graph S1,C4, we  Balakrishnan, R, & Ranganathan, K

got rvc(G) = 7. To determine the strong
rainbow vertex-connection number on
slinky graph can use Theorem 2, for
example, on a slinky graph SI,C,4, we got
srvc(G) = 4, and on a slinky graph Sl5C,,
we got srve(G) = 12.
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