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INTRODUCTION applications. Odd harmonious labeling
was introduced by Liang & Bai (2009). A
graph G(p,q) with p = |V(G)| and q =
|E(G)| is an odd harmonious graph if it
satisfies an injective vertex labeling
function f:V(G) - {0,1,2,3,4,...,2q — 1}
inducing a bijective edge labeling function
fv(G) - {0,1,2,34,..,2q — 1} (Liang &
Bai, 2009).

The following are some graph
classes that have been successfully
discovered and are odd harmonious graph
families. Abdel-Aal (2013) proved that
cyclic snake graphs are odd harmonic
graphs. Saputri, Sugeng, & Froncek (2013)

Graph labeling is one of the most
rapidly growing research topics in graph
theory in recent years. Researchers have
discovered several types of graph labeling
and their properties, including magic
labeling, anti-magic labeling, graceful
labeling, harmonious labeling, odd
harmonious labeling, and even
harmonious labeling. Graph labeling is
basically labeling vertices and edges with
certain rules and patterns.

Gallian (2022) has collected
research papers on graph labeling and its
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proved that dumbbell graphs and the
generalization of prism graphs are odd
harmonious graphs.

Jeyanthi & Philo (2015) proved that
some classes of double quadrilateral snake
graphs are odd harmonious graphs. In
another paper, Jeyanthi & Philo (2016)
proved that some cycle-related graphs are
odd harmonious graphs. Abdel-Aal &
Seoud (2016) proved that m-shadow
graphs for paths and complete bipartite
graphs are odd harmonious graphs.

Firmansah & Yuwono (2017a)
proved that the pleated Dutch windmill
graph is an odd harmonious graph; in a
different paper, Firmansah & Yuwono
(2017b) proved that the class of graphs
resulting from the Cartesian product
operation is an odd harmonious graph.
Firmansah (2017) proved that the
variation of the double quadrilateral
windmill graph is an odd harmonious
graph. Seoud & Hafez (2018) introduced
the strong odd harmonious graph.

Sugeng, Surip, & Rismayati (2019)
introduced m-shadows of cycle graphs,
gear graphs with pendants, and shuriken
graphs, which are odd harmonious graphs.
Jeyanthi, Philo, & Youssef (2019) proved
that grid graphs are odd harmonious
graphs. In addition, Jeyanthi & Philo
(2019) proved that the subdivided shell
graph is an odd harmonious graph.
Febriana & Sugeng (2020) proved that
squid graphs and double squid graphs are
odd harmonious graphs.

Firmansah & Giyarti (2021) proved
that the amalgamation of the generalized
double quadrilateral windmill graph is an
odd harmonious graph. Pujiwati, Halikin,
& Wijaya (2021) proved that two-star
graphs are odd harmonious graphs.
Sarasvati, Halikin, & Wijaya (2021) proved
that PnC4 and PnD2(C4) graphs are odd
harmonious graphs. Philo & Jeyanthi
(2021) proved that line and disjoint union
of graphs are odd harmonious graphs.

Firmansah (2022) proved that some
sting graphs are odd harmonious graphs.

Firmansah (2023) proved that layered
graphs are odd harmonious graphs. Lasim,
Halikin, & Wijaya (2022) proved that there
is a relationship between harmonic
graphs, odd harmonious graphs, and even
harmonious graphs. Hafez, El-Shanawany,
& Atik (2023) proved that the converse
skew product of graphs is an odd
harmonious graph. Kolo, Ginting, & Putra
(2023) proved that the graph Cm,nC4 is an
odd harmonious graph.

Firmansah (2020) proved that the
double quadrilateral flower graph is an
odd harmonious graph. In another paper,
Firmansah, Tasari, & Yuwono (2023)
proved that the zinnia flower graph and its
variations are odd harmonious graphs.

These two research results are the
basis for researchers to develop new
graphs in the form of a union of double
quadrilateral flower graphs and zinnia
flower graphs. In addition, the author will
introduce new graphs, namely the rosella
flower graphs and the union of rosella
flower graphs. So the novelty of this
research is that the definition of the union
of zinnia flower graphs, the union of
double quadrilateral flower graphs,
rosella flower graphs, and the union of the
rosella flower graphs are obtained.
Furthermore, it will be proven that the
union of zinnia flower graphs, the union of
double quadrilateral flower graphs,
rosella flower graphs, and the union of the
rosella flower graphs are odd harmonious
graphs.

METHOD

This research is qualitative research
with the aim of obtaining a new graph
class of odd harmonious graphs so that the
properties of odd harmonious graphs are
obtained.

The research stages consist of 1) the
literature study stage, which is to collect
unsolved open problems from previous
researchers, 2) the graph construction
stage, which is to create a new graph with
vertex and edge notation, 3) the label
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construction stage, which is to label the
vertices with a certain pattern to get the
vertex labeling function, then an edge
labeling function will be formed, which is
obtained from the induction of the vertex
labeling function, 4) the result verification
stage, which is the formation of a theorem
to prove that the vertex labeling function
is injective and induces a bijective edge
labeling function.

Y

The literature study stage, which is to collect unsolved open problems
from previous researchers

\

The graph construction stage, which is to create a new graph with vertex
and edge notation

A J
The label construction stage, which is to label the vertices with a certain
pattern to get the vertex labeling function, then an edge labeling function

will be formed

l

The result verification stage, which is the formation of a theorem to prove
that the vertex labeling function is injective and induces a bijective edge

labeling function

End

Figure 1. Flowchart research method

RESULTS AND DISCUSSION

Two new graph classes that are
extensions of the zinnia flower graphs and
double quadrilateral flower graphs are
presented in this chapter. A graph created
by the union operations of two zinnia
flower graphs is known as the union of
zinnia flower graphs. A graph created by
the union operation of two double
quadrilateral flower graphs is known as
the union of double quadrilateral flower
graphs.

The definition and construction of
the union of zinnia flower graphs are
provided in this section. It will also be
demonstrated that the union of zinnia
flower graphs is an odd harmonious
graph.

Definition 1. The union of zinnia flower
graphs Z(h) U Z(h) with h > 1 as graph
that has vertex set
V(Z(n)uZzZ(h)={aj|t <j<2n+2}u
{ili=123u{¢|1<j<hi=12}u
{wilj =12} u{xli=12}u
{yijt<j<2rlu{zi|1<j<hi=12}
and edge set
E(Z(huzh)=
{gibil1 <j<2h+2i=12}u
{argit|t <j<h}u
{a,¢if|l1<j<hi=12}u
{wix;|i,j =1,2}u
{xiy/]1 <j<2ni=12}u
{wmzi|1<j<hi=12}u
{wozilll <j <hi=12}

Based on Definition 1, we obtained
that order p = |V(Z(h) U Z(h))| =8h+ 8
and size g = |E(Z(h) U Z(h))| = 16h + 8.
The following is the construction of the
union of zinnia flower graphs in Figure 2.

Copyright © 2024, Desimal, Print ISSN: 2613-9073, Online ISSN: 2613-9081



Desimal, 7 (3), 2024 - 570
Fery Firmansah, Tasari, Joko Sungkono

Theorem 1. The union of zinnia flower
graphs Z(h) U Z(h) with h > 1 are odd
harmonious graphs
Proof.

Define the vertex labeling function of
graphs Z(h) U Z(h) with h > 1 as follows
fla))=4—-21<j<2n+2 (1)

f(b)=2i+5,i=12 (2)
f(ci') =8h+8j+2i+5,
1<j<hi=12 (3)
flw)=4j—-4j=12 (4)
f(x)=2i—1,i=1.2 (5)

f(yj) = 16h +4j + 12,1 < j < 2h (6)
f(z') =24h + 8j +2i + 7,
1<j<hi=12 7)

Based on (1), (2), (3), (4), (5), (6), and (7)

f (V(Z(h) U Z(h))) = {2,6,10,14, ...,8h —

6} U {7,9} U {8h + 15,8h + 23,8h +
31,..,16h + 7,8h + 17,8h + 25,8h +
33,..,16h + 9} U {0,4} U {1,3} U {16h +
16,16h + 20,16k + 24, ... 24h + 12} U
{24h + 17,24h + 2524h + 33,...,32h +
9,24h + 19,24h + 27,24h + 35, ...,32h +
11}

Z(h)uz(h)

Figure 2. Construction of the Union of Zinnia Flower Graphs Z(h) U Z(h)

=1{2,6,7,9,10,14, ...,8h — 6,8h + 15,8h +
17,8h + 23,8h + 25,8k + 31,8h +
33,...,16h + 7,16h + 9} U {0,1,3,4,16h +
16,16h + 20,16k + 24, ... 24h + 12,24h +
17,24h + 19,24k + 25,24h + 27,24h +
33,24h + 35, ...,32h + 9,32h + 11}
={0,1,2,3,4,6,7,9,10,14, ... 8h — 6,8h +
15, ...,16h + 7,16h + 9,16k + 16,16h +
20,...,24h + 12,24h + 17, ...,32h +
9,32h + 11}

=1{0,1,2,3,4,6, ...,32h + 11}
c{0,1,2,3,4,...,32h + 15}

and different labels on each vertex, then
the vertex labeling function
fv(Z(h)uz(h)-1{01234,..32h+
15 } is injective.

Define the edge labeling function of
graphs Z(h) U Z(h) with h > 1 as follows
f*(ajb;) = 4j +2i+3,

1<j<2h+2i=172 (8)
f*(arc;') =8h +8j +2i +7,

1<j<hi=12 9)
fr(az¢') = 8h + 8j + 2i + 11,

1<j<hi=12 (10)

frwix) =4j+2i—5ij=12 (11)
f*(xiy;) = 16h + 4j + 2i + 11,
1<j<2hi=1.2 (12)
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fr(wiz') = 24h + 8j + 2i + 7,

1<j<hi=12 (13)
f*(wyz') = 24h + 8j + 2i + 11,
1<j<hi=12 (14)

Based on (8), (9), (10), (11), (12),
(13),and (14)

f(E(zmyuzh)) = (913,17, ... 8h +

13,11,15,19, ...,8h + 15} U {8h + 17,8h +
25,8k + 33, ...,16h + 9,8h + 19,8h +
27,8k + 35,...,16h + 11} U {8h + 21,8h +
29,8h + 37, ..,16h + 13,8h + 23,8h +
31,8k + 39, ...,16h + 15} U {1,3,5,7} U
{16h + 17,16h + 21,16h + 25, ..., 24h +
13,16h + 19,16k + 23,16h + 27, ... 24h +
15} U {24h + 17,24h + 25,24h +
33,...,32h + 9,24h + 19,24h + 27,24h +
35,...,32h + 11} U {24h + 21,24h +
29,24h + 37, ...,32h + 13,24h + 23,24h +
31,24h + 39, ...,32h + 15}
={9,11,13,15,17,19,...,8h + 13,8h +
15,8h + 17,8h + 19,8k + 21,8h + 23,8h +
25,8h + 27,8h + 29,8h + 31,8h + 35,8h +
37,8h + 39, ...,16h + 9,16h + 11,16h +
13,16h + 15} U {1,3,5,7,16h + 17,16h +
19,16h + 21,16k + 23,16k + 25,16k +

27,..,24h + 13,24h + 15,24h + 17,24h +
19,24h + 21,24h + 23,24h + 25,24h +
27,24h + 29,24h + 31,24h + 33, ...,32h +
9,32h + 11,32h + 13,32h + 15}
={1,3,5,7,9,11,13,15,17,19, ...,.8h +

13,8h + 15,8h + 17,8h + 19,8h + 21,8h +
23,8h + 25,8h + 27,8h + 29,8h + 31,8h +
35,8h + 37,8h + 39, ...,16h + 9,16h +
11,16h + 13,16h + 15,16h + 17,16h +
19,16h + 21,16h + 23,16h + 25,16h +
27,..,24h + 13,24h + 15,24h + 17,24h +
19,24h + 21,24h + 23,24h + 25,24h +
27,24h + 29,24h + 31,24h + 33, ...,32h +
9,32h + 11,32h + 13,32h + 15}
={1,3,5,7,...,32h + 15 }

and different labels on each edge, then the

edge labeling function f*:E(Z(h)U
Z(h)-1{1,3,57,..,32h+ 15} is
bijective.

Such that the union of zinnia flower
graphs Z(h) U Z(h) with h > 1 are odd
harmonious graphs m

The following two examples are
given for graph Z(3) U Z(3) in Figure 3
and graph Z(4) U Z(4) in Figure 4, which
are odd harmonious graphs.

Figure 3. 0dd Harmonious Labeling on the Graph Z(3) U Z(3)

Copyright © 2024, Desimal, Print ISSN: 2613-9073, Online ISSN: 2613-9081



Desimal, 7 (3), 2024 - 572
Fery Firmansah, Tasari, Joko Sungkono

Figure 4. 0dd Harmonious Labeling on the Graph Z(4) U Z(4)

The definition and construction of
the union of double quadrilateral flower
graphs are provided in this section. It will
also be demonstrated that the union of
double quadrilateral flower graphs are
odd harmonious graphs.

Definition 2. The union of double
qudrilateral flower graphs D(r) U D(r)
with r > 1 as graph that has vertex set

V(D) uD(r)) = {ko} U
{kilit<j<2r+1}u{lji<j<2riu
{m}u{mj|t <j<2r+1}u
{nl1<j<2r}

and edge set

E(D(r)uD()) =
{kokjll <j<2r+1}u

{kyjoilzja|1<j<7}uU
{kajiilzjl1 <j<r}u
{lj_1koj|l <j<71}uU
{ljkoj|1 <j<r}u
{memj|1 <j<2r+1}u
{mgj_ingjq|l <j<7}u
{majmgjll <j<r}u
{nyj-ymgjlt <j<r}u
{nzjm2j|1 <j< r}

Based on Definition 3, we obtained
that order p = |V(D(r) U D(r))| =8r+4
and size ¢ = |[E(D(r) U D(r))| = 12r + 2,
The following is given the construction of
the union double quadrilateral flower
graphs in Figure 5.
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D(r)u D(r)

Figure 5. Construction of the Union of Double Quadrilateral Flower Graph D(r) U D(r)

Theorem 2. The wunion of double
quadrilateral flower graphs D(r) U D(r)
with 7 > 1 are odd harmonious graphs
Proof.

Define the vertex labeling function of
graphs D(r) U D(r) with r > 1 as follows
f(ko) =0 (15)
flk)=2j-11<j<2r+1 (16)
fl)=12r—6j+4,1<j<2r (17)

f(my) =2 (18)
flmy) =12r+2j -1,
1<j<2r+1 (19)

f(n) =12r—6j+6,1<j<2r (20)

Based on (15), (16), (17), (18), (19), and
(20)

f(v(p@) uD@)) = (0} u

{1,3,5,7,9, ... ,4r + 1} U {12r — 2,121 —
8,12r — 14,12r — 20, ...,22,16,10,4} U
{2y u{12r + 1,12r + 3,12r + 5,12r +
7,..,16r + 1} U {12r,12r — 6,12r —
12,12r — 18, ...,24,18,12,6}
={0,1,3,4,5,7,9,10, ...,.4r + 1, ...,12r —
20,12r — 14,12r — 8,12r — 2} U
{2,6,12,18,24, ...,12r — 18,12r — 12,12r —
6,12r,12r + 1,12r + 3,12r + 5,12r +
7, .. 16r + 1}
={0,1,2,3,4,5,6,7,9,10,12, ... 4r +
1,..,12r — 20,12r — 18,12r — 14,12r —

12,12r — 8,12r — 6,12r — 2,12r,12r +
1,12r + 3,12r + 5,12r + 7,...,167r + 1}
=1{0,1,2,34,...,.16r + 1}
c{0,1,2,3,4, ...,24r + 3}

obtained different labels on each vertex,
and the vertex labeling function
f:V(D(r)uD(r)) - {0,1,2,34,..,24r +
3} is injective.

Define the edge labeling function of graphs
D(r) U D(r) withr > 1 as follows
frlkok;)) =2j—11<j<2r+1 (21)
fr(kyjo1lyjr) = 12r —8j + 7,

1<j<r (22)
f*(k2j+1l2j) =12r — 8] + 5,

1<j<r (23)
f(lzjo1kzj) = 12r —8j +9,

1<j<r (24)

1<j<r (25)
fr(mem;) = 12r + 2j + 1,

1<j<2r+1 (26)
f*(mzj_lnzj_l) = 24r — 8] + 9,

1<j<r (27)
f*(m2j+1n2j) =24r —-8j+7,

1<j<r (28)
fr(naj_imy;) = 24r — 8j + 11,

1<j<r (29)

f*(nzjmzj) = 24r — 8j + 5,
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1<j<r (30)

Based on (21), (22), (23), (24), (25), (26),
(27), (28), (29), and (30)

f(E(D@)uD®)) ={13579,.. 4r +

1} U {12r — 1,12r — 9,12r — 17,121 —
25, .. Ar + 7} U {12r — 3,12r — 11,12r —
19,12r — 27, ... 4r + 5} U {127 + 1,12r —
7.12r — 15,121 — 23, ... 4r + 9} U {12r —
512r — 13,12r —21,12r — 29, ... ,4r +
3lu{12r+3,12r +5,12r + 7,12r +
9,..,16r + 3} U {24r + 1,24r — 7,24r —
15,241 — 23, ..., 167 + 9} U {241 —

1,24r — 9,24r — 17,24r — 25, ...,16r +
7} U {247 + 3,24r — 5,24r — 13,247 —
21,..,16r + 11} U {241 — 3,241 —
11,24r — 19,24r — 27, ...,16r + 5}
={1,3,5,7,9,...,4r + 1,4r + 3,4r + 5,4r +
7,4r +9,..,2r — 29,12r — 27,12r —
25,12r — 23,12r — 21,12r — 19,12r —
17,12r — 15,12r — 13,12r — 11,12r —
912r —7,12r — 5,12r — 3,12r — 1,12r +
13U {12r + 3,12r + 5,12r + 7,12r +

9, ..16r + 3,16r + 5,16r + 7,167 +
9,16r + 11, ...,24r — 27,24r — 25,24r —
23,24r — 21,24r — 19,24r — 17,24r —
15,24r — 13,24r — 11,24r — 9,24r —

7,24r — 5,24r — 3,24r — 1,24r + 1,24r +
3}

={1,3,5,7,9, ...,4r + 1,4r + 3,4r + 5,4r +
7,4r +9,..,2r — 29,12r — 27,12r —
25,12r — 23,12r — 21,12r — 19,12r —
17,12r — 15,12r — 13,12r — 11,12r —
912r —712r — 512r — 3,12r — 1,12r +
1,12r + 3,12r + 5,12r + 7,12r +

9, ..,16r + 3,16r + 5,16r + 7,161 +
9,16r + 11, ...,24r — 27,24r — 25,24r —
23,24r — 21,24r — 19,24r — 17,24r —
15,24r — 13,24r — 11,24r — 9,24r —
7,24r — 5,24r — 3,24r — 1,24r + 1,24r +
3}

={1,3,5,7,9, ...,24r + 3}

obtained different labels on each edge and

fﬂE@oouDUn)z
{1,3,5,7,...,24r + 3} then the edge
labeling function f*: E(D(r) U D(r)) -
{1,3,5,7,...,24r + 3} is bijective. Such that
the union of double quadrilateral flower
graphs D(r) U D(r) with r > 1 are odd
harmonious graphs. m

The following two examples are
given for graph D(5) U D(5) in Figure 6
and graph D(6) U D(6) in Figure 7, which
are odd harmonious graphs.

60 6

D(5)u D(5)

Figure 6. 0dd Harmonious Labeling on the Graph D(5) U D(5)
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D(6)u D(6)

Figure 7. 0dd Harmonious Labeling on the Graph D(6) U D(6)

The definition and construction of
various flower graphs are provided in this
section. It will also be demonstrated that
the rosella flower graphs are odd
harmonious graphs.

Definition 3. The rosella flower graphs
R(s) with s > 1 as graph that has vertex

set  V(R(s)) ={ap}u{a|1 <j<3}u
{bilt<j<stu{gli<j<s)
and edge set

E(R(s)) ={apa;|1 <j <3}u
{alcj|1 <j< s} U {azcj|1 <j< S} U
{a,bj|1 <j < s}ufasbi|1 <j<s}

Based on Definition 5, we obtained that
orderp = |R(s)| = 2s +4 and size q =
|E(R(s))| = 4s + 3. The following is the
construction of the rosella flower graphs
in Figure 8.

Figure 8. Construction of the Rosella
Flower Graphs R(s)

Theorem 3. The rosella flower graphs
R(s) with s>1 are odd harmonious
graphs

Proof.

Define the vertex labeling function of
graphs R(s) with s > 1 as follows

flag) =0 (32)
fla))=2j-11<j<3 (33)
f(bj)=8j—-41<j<s (34)
flc)=8+21<j<s (35)

Based on (32), (33), (34), and (35)
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f(V(R())) = {0} u {135} U
{4,12,20,28,36, ...,85s — 4} U
{10,18,26,34,42, ... 8s + 2}

={0,1,3,4,5,10,12,18,20,26,28,34,36,42, ...,8s

—4,8s + 2}
={0,1,3,4,5,..,.8s + 2}
c{0,1,2,34,...,85 + 5}

obtained different labels on each vertex,
and the vertex labeling function
f:V(R(s)) - {0,1,2,34, ....8s + 5} is
injective.

Define the edge labeling function of graphs
R(s) with s > 1 as follows

f(apa)) =2j-11<j<3 (36)
f(aic)) =8j+31<j<s (37)
f*(azc)=8j+51<j<s (38)
f(azh;)) =8j—1,1<j<s (39)
f*(ash;)) =8j+1,1<j<s (40)

Based on (36), (37), (38), (39), and (40)

£ (E(R(s))) = (1,35} U
{11,19,27,35,...,8s + 3} U
{13,21,29,37,...,8s + 5} U
{7,15,23,31,...,8s — 1} U
{9,17,25,33, ...,85 + 1}
1,3,5,7,9,11,13,15,17,19,21,
=1423,25,27,29,31,33,35,37, ...,
85s—18s+18s+38s+5
={1,3,5,7,9, ...,85 + 5}

obtained different labels on each edge and
fr (E(R(s))) ={1,3,5,7,...,8s + 5} then

the edge labeling function f*:E(R(s)) -
{1,3,5,7,...,8s + 5} is bijective. Such that
the rosella flower graphs R(s) with s > 1
are odd harmonious graphs. =

The following two examples are
given for graph R(5) in Figure 9 and graph
R(6) in Figure 10 which are odd
harmonious graphs.

Figure 9. 0dd Harmonious Labeling on
the Graph R(5)

Figure 10. Odd Harmonious Labeling on
the Graph R(6)

The definition and construction of
the union of the rosella flower graphs are
provided in this section. It will also be
demonstrated that the union of the rosella
flower graphs are odd harmonious graphs.

Definition 4. The union of the rosella
flower graphs R(s) U R(s) with s > 1 as
graph that has vertex set V(R(s) U
R(s)) ={ay} U {aj|1 <j< 3} U {bo} U
{bl1<j<s—1}ufc}u
{gl1<j<s—-1}ulde}u
{g]1<j<3}ufeli<j<s}u

{gj|1 <j< s}

and edge set

E(R(s) U R(s)) = {aoaj|1 <j< 3} U
{a,co} U {alcj|1 <j<s—1}u{azc}u
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{azcj|1 <j<s—1}ufayby}u

{a,bj|1 <j <s—1}ufazbe}u

{asbj|1 <j<s—1}u{ded;|1 <j<3}u
{digjl1 <j<stufdygj|t <j<s}u
{dye;|1 <j <s}u{dse|l <j < s}

Based on Definition 7, we obtained
thatorder p = |R(s) U R(s)| = 4s + 8 and
size ¢ = |[E(R(s) UR(s))| =8s + 6. The
following is the construction of rosella
flower graphs in Figure 11.

R(s)UR(s)

Figure 11. Construction of the Union of the Rosella Flower Graphs R(s) U R(s)

Theorem 4. The union of the rosella
flower graphs R(s) U R(s) with s > 1 are
odd harmonious graphs

Proof.

Define the vertex labeling function of
graphs R(s) U R(s) with s > 1 as follows

f(ag) =0 (41)
fla))=2j-11<;<3 (42)
f(bo) =4 (43)
f(b;) =8s+ 8j + 10,

1<j<s-1 (44)
f(co) = 10 (45)
f(c;) = 8s+8j + 16,

1<j<s-1 (46)
f(do) =2 (47)
fld)=2j+111<j<3 (48)
fle)=8j—-21<j<s (49)
flg;))=8+41<j<s (50)

Based on (41), (42), (43), (44), (45), (46),
(47), (48), (49), and (50)

f(V(R(s) UR(S))) = {0} u {135} U

{4} U {8s + 18,85 + 26,85 + 34,85 +

42,..,16s + 2} U {10} U {8s + 24,85 +
32,85 + 40,85 + 48, ...,165 + 8} U {2} U
{13,15,17} U {6,14,22,30, ...,85 — 2} U
{12,20,28,36, ...,8s5 + 4}

={0,1,3,4,5,8s + 18,8s + 24,85 + 26,85 +
32,85 + 34,85 + 40,8s + 42,85 +

48, ...,16s + 2,165 + 8} U
{2,6,13,14,15,17,20,22,28,30,36, ...,85 —
2,8s + 4}
={0,1,2,3,4,5,6,13,14,15,17,20, ...,8s —
2,85 +4,8s + 18,85 + 24,85 + 26,8s +
32,85 + 34,85 + 40,8s + 42,85 +

48, ...,16s + 2,165 + 8}
={0,1,2,3,4,5,...,16s + 8}
c{0,1,2,3,4,...,16s + 11}

obtained different labels on each vertex,
and the vertex labeling function
f:V(R(s)UR(s)) »{0,1,2,3,4,.., 165 +
11} is injective.

Define the edge labeling function of
graphs R(s) U R(s) with s > 1 as follows
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f(apa;)) =2j-11<j<3 (51)
fr(aic0) = 11 (52)
f*(aic;) = 8s+8j + 17,
1<j<s-1 (53)
f(azco) =13 (54)
f*(az¢;) = 8s+8j + 19,
1<j<s-—-1 (55)
f*(azbo) =7 (56)
f*(azb;) = 8s + 8j + 13,
1<j<s-—-1 (57)
f*(asby) =9 (58)
f*(asbj) = 8s + 8j + 15,
1<j<s-1 (59)

f*(dodj) =2j+131<j<3 (60)
f(dig;))=8+171<j<s (61)
fr(dg;) =8 +191<j<s (62)
f(dse) =8j+131<j<s (63)
f*(dse)) =8j+151<j<s (64)

Based on (51), (52), (53), (54), (55), (56),
(57),(58), (59), (60), (61), (62), (63), and
(64)

£ (E(R(s) UR(s))) = {135} U {11} U
{8s + 25,85 + 33,85 + 41,85 +

49, ..,16s + 9} U {13} U {8s + 27,85 +
35,8s + 43,85 + 51, ...,165s + 11} U {7} U
{8s + 21,85 + 29,85 + 37,85 +
45,..,16s + 5} U {9} U {85 + 23,85 +

31,8s + 39,85 + 47, ...,16s + 7} U
{15,17,19} v {25,33,41,49, ...,8s + 17} U
{27,35,43,51,...8s + 19} U

{21,29,37,45, ...,8s + 13} U

{23,31,39,47, ...,8s + 15}
={1,3,5,7,9,11,13,8s + 21,8s + 23,8s

+ 25,8s + 27,85 + 29,85 + 31,85 + 33,8s
+ 35,85 + 37,85 + 39,8s + 41,85 + 43,8s
+ 45,85 + 47,85 + 49, ...,165 + 5,16s

+ 7,16s + 9,165 + 11}

v {15,17,19,21,23,25,27,29,31,33,35, ...,8s
+ 138s + 15,85 + 17,85 + 19}
={1,3,5,7,9,11,13,15,17,19, ...,8s +

138s + 15,85 + 17,8s + 19,8s + 21,8s +
23,8s + 25,85 + 27,85 + 29,85 + 31,85 +
33,8s + 35,85 + 37,8s + 39,85 + 41,8s +
43,8s + 45,85 + 47,8s + 49, ...,16s +
5,165 + 7,16s + 9,165 + 11}
={1,3,5,7,9,...,16s + 11}

obtained different labels on each edge and
Fr (E(R(s) U R(s))) ={1,3,5,7,...,165 +
11} then the edge labeling function
fE(R(s)UR(s)) »{1,3,5,7,..,165 +
11} is bijective. Such that the rosella
flower graphs R(s) U R(s) with s > 1 are
odd harmonious graphs. =

The following two examples are
given for graph R(5) U R(5) in Figure 12
and graph R(6) U R(6) in Figure 13, which
are odd harmonious graphs.

R(5)u R(5)

Figure 12. 0dd Harmonious Labeling on the Graph R(5) U R(5)
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Figure 13. 0dd Harmonious Labeling on the Graph R(6) U R(6)

Based on the results in Definition 1,
it is obtained that the zinnia flower graph
class found by Firmansah et al. (2023) has
been successfully developed into a new
graph class in the form of a union of zinnia
flower graphs. Furthermore, based on the
result in Theorem 1, it is proven that the
union of zinnia flower graphs is an odd
harmonious graph.

On the other hand, based on the
results in Definition 2, it is obtained that
the double quadrilateral flower graph
class found by Firmansah (2020) has been
successfully developed into a new graph
class in the form of a combined double
quadrilateral flower graph. Furthermore,
based on the result in Theorem 2, it is
proven that the wunion of double
quadrilateral flower graphs is an odd
harmonious graph.

Based on the discussion, the
construction and definition of the rosella
flower graph in Definition 3 and the union
of the rosella flower graph in Definition 4
are obtained. On the other hand, it has also
been proven that the rosella flower graph
and the union of the rosella flower graph
are odd harmonious graphs stated in
Theorem 3 and Theorem 4.

Based on these results, a novelty has
been obtained in the form of a new graph
class, namely the union graph of the zinnia
flower graph, the union graph of the

double quadrilateral flower graph, the
rosella flower graph, and the union graph
of the rosella flower graph. Furthermore,
it has been proved that the new graph
class satisfies the odd harmonious labeling
property so that it belongs to the odd
harmonious graph family.

CONCLUSIONS AND SUGGESTIONS

Based on the theorems proved, it is
found that the class of graphs under study
satisfies an injective vertex labeling
function that induces a bijective edge
labeling such that it satisfies the
properties of odd harmonious labeling.
Furthermore, it is found that the union of
zinnia flower graphs, the union of double
quadrilateral flower graphs, the rosella
flower graphs, and the union of the rosella
flower graphs are odd harmonious graphs.

This research can be continued by
developing zinnia flower graphs, double
quadrilateral flower graphs, and the
rosella flower graphs with other graph
operations.
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