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 This study develops a SEIR (Susceptible, Exposed, Infectious, and 
Recovered) model to model the spread of COVID-19 by adding the 
use of health masks, vaccinations, quarantines, and asymptomatic 
compartments. The model is analyzed using equilibrium point 
stability analysis and numerical simulation. Based on the system, 
two equilibrium points are obtained, namely the disease-free 
equilibrium point and the endemic equilibrium point, and the basic 
reproduction number (𝑅0). The stability analysis of the disease-
free equilibrium point will be locally asymptotically stable if 𝑅0 <
1. The numerical simulation results show that the disease will 
disappear from the population if 𝑅0 < 1 and remain in the 
population if 𝑅0 > 1. Based on the sensitivity analysis, parameters 
with significant impact are the level of awareness of individuals in 
using health masks, vaccination rates, contact rates with 
symptomatic or asymptomatic infected individuals, and 
quarantine rates for symptomatic infected individuals. 

 

http://ejournal.radenintan.ac.id/index.php/desimal/index 

 

 
INTRODUCTION 

COVID-19 first appeared in Wuhan, 
China, in December 2019. Based on the 
information from WHO (World Health 
Organization) on June 12, 2022, the 
disease has become epidemic, with more 
than 533 million cases and more than 6.3 
million deaths having been reported 
globally (World Health Organization, 
2022). COVID-19 is a disease caused by the 
SARS-CoV-2 virus. The virus circulates in 
several animals, including cattle, camels, 

and bats. This virus that attacks the 
respiratory system has symptoms that 
appear 2-14 days after exposure, including 
fever, cough, shortness of breath, chills, 
muscle aches, and loss of taste or smell 
(Ali, Shah, Imran, & Khan, 2020). In 
addition to infected individuals who have 
symptoms (symptomatic), there are also 
infected individuals without symptoms 
(asymptomatic) who can also transmit the 
disease. However, the transmission rate 
from asymptomatic infected individuals is 
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lower than from infected individuals with 
symptoms (Sayampanathan et al., 2021). 
Individuals aged 65 years and over and 
individuals with medical conditions such 
as having chronic lung disease, diabetes, 
chronic kidney disease, heart problems, 
and impaired immune systems are at a 
higher risk of serious illness (Yang et al., 
2020). 

The first case of COVID-19 in 
Indonesia was discovered on March 2, 
2020, in the Depok area, West Java. After 
that the number of positive cases of 
COVID-19 in Indonesia continued to 
increase rapidly (Tosepu et al., 2020). 
Until June 26, 2022, more than two years 
after the discovery of the first case in 
Indonesia, it was recorded that this virus 
has infected 6,080,451 individuals, and 
156,717 individuals died (Satuan Tugas 
Penanganan COVID-19, 2022). 
Transmission of COVID-19 through 
droplets containing the virus or airflow 
(aerosol) is the main route that causes the 
virus to spread and has a high 
transmission power (Atmojo, Akbar, 
Kuntari, Yulianti, & Darmayanti, 2020). 
The use of masks is one of the preventive 
measures that can limit the spread of 
respiratory diseases caused by viruses, 
including COVID-19. However, using a 
health mask alone is insufficient to 
provide an adequate level of protection; it 
must also be followed by other measures 
such as vaccination. Vaccines are given to 
healthy people to prevent certain diseases 
from infecting that person. 

The COVID-19 vaccine is a form of 
prevention that functions to encourage the 
formation of specific immunity against 
COVID-19 to avoid contracting or possibly 
becoming seriously ill (Satuan Tugas 
Penanganan COVID-19, 2020). The 
Emergency Use Listing (EUL) includes 
several types of vaccines from WHO, 
namely Pfizer/BioNTech, AstraZeneca, 
Janssen, Moderna, Sinopharm, and 
Sinovac (World Health Organization, 
2021). The government began 

implementing the COVID-19 vaccination 
program in Indonesia on January 13, 2021, 
at the State Palace (Ditjen P2P Kementrian 
Kesehatan, 2021). Until now, the 
government is still pursuing the target of 
208 million Indonesians to get vaccinated. 
As of June 26, 2022, the number of 
vaccinations for the first dose has reached 
201,366,276 people, and the second dose 
has reached 168,823,775 people from the 
vaccination target of 208,265,720 people 
(Satuan Tugas Penanganan COVID-19, 
2022). 

Since the onset of the COVID-19 
pandemic, several researchers have 
developed mathematical models to 
analyze the behavior of the disease's 
spread. The efforts began with the simple 
SIR model (Susceptible, Infected, and 
Recovered), as studied by Imran et al. 
(2021), Ivanova & Dospatliev (2021), Liao, 
Lan, Liao, Zhang, & Liu (2020), Mitra 
(2020), and De León (2009). 
Subsequently, the models evolved by 
incorporating additional variables, 
including the work of Ali et al. (2020), who 
developed a mathematical model of the 
SEIR model by including compartments 
that were considered important in COVID-
19 transmission, such as asymptomatic 
infected compartments, quarantine, and 
isolation. Another study by Ghostine, 
Gharamti, Hassrouny, & Hoteit (2021) 
developed the SEIR model by adding a 
vaccination compartment, which 
consisted of seven compartments, namely 
susceptible individuals (S), exposed but 
not infected individuals (E), infected 
individuals (I), quarantined individuals 
(Q), recovered individuals (R), death 
individuals (D), and vaccinated 
individuals (V). Furthermore, the study by 
Foy et al. (2021) developed the SEIR 
model by adding vaccination 
compartments (V), quarantine (Q), and 
death from disease (D). This study also 
assumed that recovered individuals could 
return to being susceptible individuals. 
Finally, a research study by Manaqib, 
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Fauziah, & Mujiyanti (2019) discussed 
MERS-CoV disease, similar to COVID-19, 
which developed a SEIR model with the 
use of health masks and vaccinations. 

This study combines studies of 
Ghostine et al. (2021), Foy et al. (2021), 
and Manaqib et al. (2019) with the 
assumption that there is no reinfection 
and death from the disease. So, we get a 
mathematical model for the spread of 
COVID-19 disease: the SEIR model, which 
adds the use of health masks, vaccinations, 
and quarantines. Based on this model, 
disease-free and endemic equilibrium 
points are sought for stability analysis and 
basic reproduction numbers. The stability 
analysis of equilibrium points is 
conducted to understand the behavior and 
properties of the system. Furthermore, 
numerical simulations are performed to 
visualize the model solutions, and 
sensitivity analysis of the basic 
reproduction number is carried out to 
identify the most influential parameters in 
the spread of COVID-19..  

METHOD  

The mathematical model in this 
study divides the individual population 
into ten subpopulations, i.e., susceptible 
individuals who are susceptible to disease 
and who do not use health masks (S),  
susceptible individuals who use health 
masks (SM), vaccinated individuals who 
have been vaccinated COVID-19 in two 
stages (V),  exposed individuals who are 
exposed to the virus but cannot transmit 
the disease (E), infected individuals who 
are infected and can transmit disease 
without using a health mask (I), infected 
individuals who use a health mask (IM), 
asymptomatic or infected individuals 
without symptoms who do not use health 
masks (A), infected individuals without 
symptoms who use health masks (AM), 
individuals who are 
quarantined/quarantine (Q), and 
individuals who have recovered, have 

immune from disease or died from 
disease/Removed (R). 

The assumptions used in this study 
are as follows: (1) the population is 
assumed to be closed because the birth 
and death rates are the same and there is 
no migration; (2) the population is 
assumed to be homogeneous, meaning 
that each individual has the same 
opportunity to make contact with other 
individuals; (3) every individual born is 
susceptible to contracting the disease; (4) 
susceptible individuals who use a health 
mask (S_M) will return to the 
compartment of susceptible individuals 
who do not use a health mask (S) if they 
stop using a health mask, the same process 
also occurs in the compartment of 
symptomatic and asymptomatic infected 
individuals; (5) vaccination is carried out 
in two stages with the aim of reducing the 
risk of susceptible individuals being 
infected so that individuals who have been 
vaccinated can still be infected; (6) 
According to the efficacy of the COVID-19 
vaccine, some individuals who have been 
fully vaccinated have immunity to the 
disease; (7) susceptible individuals can be 
infected when interacting with 
symptomatic or asymptomatic infected 
individuals; (8) infected individuals are 
divided into symptomatic infected, both 
mild and severe, and infected individuals 
without symptoms; (9) asymptomatic 
infected individuals can recover naturally 
and have immunity to disease; (10) 
infected individuals who have symptoms 
will be quarantined; (11) individuals who 
are quarantined can recover and have 
immunity to disease or die from disease. 
The parameters used in the model of the 
spread of COVID-19 are presented in Table 
1. 
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Table 1.  List of Parameters of the Mathematical Model of Spread of COVID-19 with the 
Use of Health Masks, Vaccinations, Quarantine, and Asymptomatic Cases 

Parameter Definition Unit 

𝜇 Natural birth and death rates of individual populations 
1

𝑑𝑎𝑦
 

𝜌 Vaccination rate of susceptible individual 
1

𝑑𝑎𝑦
 

𝜔 Vaccine inefficacy 
1

𝑑𝑎𝑦
 

𝛽𝐴 
Transmission rate in susceptible individual from asymptomatic 
infection 

1

𝑑𝑎𝑦
 

𝛽𝐼 Transmission rate in susceptible individual from symptomatic infection 
1

𝑑𝑎𝑦
 

𝜎 Transmission rate from subpopulation 𝐸 to 𝐼 or 𝐴 
1

𝑑𝑎𝑦
 

𝑝 Asymptomatic proportion  

𝛼1 Individual awareness rate in using health masks 
1

𝑑𝑎𝑦
 

𝛼2 Individual unawareness rate in using health masks 
1

𝑑𝑎𝑦
 

𝜏 Quarantine rate of infected with symptoms individual 
1

𝑑𝑎𝑦
 

𝜃 Removal rate for asymptomatic individual 
1

𝑑𝑎𝑦
 

𝛾 Removal rate for quarantined individual 
1

𝑑𝑎𝑦
 

𝜀 Removal rate for vaccinated individual 
1

𝑑𝑎𝑦
 

 
Based on the assumptions and the 

definition of variables and parameters, the 
transfer diagram for the spread of COVID-
19 can be described as shown in Figure 1. 

 

Figure 1. Transfer Diagram of a Mathematical Model for the Spread of COVID-19 with 
the Use of Health Masks, Vaccinations, Quarantine, and Asymptomatic Cases  
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Based on Figure 1, the spread of 
COVID-19 with the use of health masks, 
vaccinations, quarantines, and 
asymptomatic cases can be modeled into a 
system of nonlinear ordinary differential 
equations as follows: 
𝑑𝑆

𝑑𝑡
= 𝜇𝑁  𝛼2𝑆𝑀 − (𝜇  𝛼1  𝜌)𝑆 −

(𝛽𝐴𝐴  𝛽𝐼𝐼)

𝑁
𝑆 

𝑑𝑆𝑀
𝑑𝑡

= 𝛼1𝑆 − (𝜇  𝛼2  𝜌)𝑆𝑀 −
(𝛽𝐴𝐴  𝛽𝐼𝐼)

𝑁
𝑆𝑀 

𝑑𝑉

𝑑𝑡
= (𝑆  𝑆𝑀)𝜌 − (𝜇  𝜀  

𝜔(𝐴+𝐼)

𝑁
)𝑉  

𝑑𝐸

𝑑𝑡
= (𝑆  𝑆𝑀)

(𝛽𝐴𝐴+𝛽𝐼𝐼)

𝑁
 𝜔𝑉

(𝐴+𝐼)

𝑁
− (𝜇  

(𝑝  (1 − 𝑝))𝜎)𝐸   

𝑑𝐼

𝑑𝑡
= (1 − 𝑝)𝜎𝐸  𝛼2𝐼𝑀 − (𝜇  𝛼1  𝜏)𝐼          (1) 

𝑑𝐼𝑀

𝑑𝑡
= 𝛼1𝐼 − (𝜇  𝛼2  𝜏)𝐼𝑀   

𝑑𝐴

𝑑𝑡
= 𝑝𝜎𝐸  𝛼2𝐴𝑀 − (𝜇  𝛼1  𝜃)𝐴  

𝑑𝐴𝑀

𝑑𝑡
= 𝛼1𝐴 − (𝜇  𝛼2  𝜃)𝐴𝑀   

𝑑𝑄

𝑑𝑡
= (𝐼  𝐼𝑀)𝜏 − (𝜇  𝛾)𝑄   

𝑑𝑅

𝑑𝑡
= ((𝐴  𝐴𝑀)𝜃  𝜀𝑉  𝛾𝑄) − 𝜇𝑅  

Suppose 𝑁(𝑡) = 𝑆(𝑡)   𝑆𝑀(𝑡)  𝑉(𝑡)  𝐸(𝑡)  
𝐼(𝑡)   𝐼𝑀(𝑡)  𝐴(𝑡)  𝐴𝑀(𝑡)  𝑄(𝑡)  𝑅(𝑡). 

Thus, we obtained 
𝑑𝑁(𝑡)

𝑑𝑡
= 0. By solving the 

equation, we have that 𝑁(𝑡) = 𝑐, where c 
is a positive integer. Thus, it can be defined 
that the domain of Equation (1) is 
Ω = {(𝑆, 𝑆𝑀 , 𝑉, 𝐸, 𝐼, 𝐼𝑀 , 𝐴, 𝐴𝑀, 𝑄, 𝑅)

∈ ℝ+
10 ∪ 0̅ | 𝑆   𝑆𝑀  𝑉  𝐸  𝐼

  𝐼𝑀  𝐴   𝐴𝑀  𝑄  𝑅 = 𝑐} 
Since 𝑁(𝑡) is constant, the system (1) can 
be formed into a non-dimensional model, 
by assuming that 

𝑠 =
𝑆

𝑁
, 𝑠𝑚 =

𝑆𝑀

𝑁
, 𝑣 =

𝑉

𝑁
, 𝑒 =

𝐸

𝑁
, 𝑖 =

𝐼

𝑁
, 𝑖𝑚 =

𝐼𝑀

𝑁
, 𝑎 =

𝐴

𝑁
, 𝑎𝑚 =

𝐴𝑀

𝑁
, 𝑞 =

𝑄

𝑁
, 𝑟 =

𝑅

𝑁
.           (2) 

Since the variable r does not affect the 
other compartments, it can be temporarily 
ignored by the system. So that Equation 
(1) can be formed into a non-dimensional 
of the following nine variables. 

𝑑𝑠

𝑑𝑡
= 𝜇  𝛼2𝑠𝑚 − (𝜇  𝛼1  𝜌)𝑠 − (𝛽𝑎𝑎  𝛽𝑖𝑖) 

𝑑𝑠𝑚
𝑑𝑡

= 𝛼1𝑠 − (𝜇  𝛼2  𝜌)𝑠𝑚 − (𝛽𝑎𝑎  𝛽𝑖𝑖)𝑠𝑚 

𝑑𝑣

𝑑𝑡
= (𝑠  𝑠𝑚)𝜌 − (𝜇  𝜀  𝜔(𝑎  𝑖))𝑣 

𝑑𝑒

𝑑𝑡
= (𝑠  𝑠𝑚)(𝛽𝑎𝑎  𝛽𝑖𝑖)  𝜔𝑣(𝑎  𝑖) −

(𝜇  (𝑝  (1 − 𝑝))𝜎)𝑒  

𝑑𝑖

𝑑𝑡
= (1 − 𝑝)𝜎𝑒  𝛼2𝑖𝑚 − (𝜇  𝛼1  𝜏)𝑖         (3) 

𝑑𝑖𝑚

𝑑𝑡
= 𝛼1𝑖 − (𝜇  𝛼2  𝜏)𝑖𝑚   

𝑑𝑎

𝑑𝑡
= 𝑝𝜎𝑒  𝛼2𝑎𝑚 − (𝜇  𝛼1  𝜃)𝑎 

𝑑𝑎𝑚

𝑑𝑡
= 𝛼1𝑎 − (𝜇  𝛼2  𝜃)𝑎𝑚   

𝑑𝑞

𝑑𝑡
= (𝑖  𝑖𝑚)𝜏 − (𝜇  𝛾)𝑞  

RESULTS AND DISCUSSION 

Equilibrium Point and Basic 
Reproductive Numbers 

Analysis of the model is carried out 
by analyzing the stability of the 
equilibrium point of the model. The 
equilibrium point is obtained by making 
the right-hand side of the equation in 
Equation (3) equal to zero and solving it. 
The disease-free equilibrium point is the 
equilibrium point at which there is no 
disease in the population, so 𝑖 = 𝑖𝑚 = 𝑎 =
𝑎𝑚 = 0. The disease-free equilibrium 
point is obtained. 
𝐸0(𝑠, 𝑠𝑚, 𝑣, 𝑒, 𝑖, 𝑖𝑚, 𝑎, 𝑎𝑚, 𝑞)

=

(

 
 

𝜇(𝜇  𝛼2  𝜌)

(𝜇  𝜌)(𝜇  𝛼1  𝛼2  𝜌)
,

𝛼1𝜇

(𝜇  𝜌)(𝜇  𝛼1  𝛼2  𝜌)
,

𝜇𝜌

(𝜇  𝜀)(𝜇  𝜌)
,

0,0,0,0,0,0

 

)

 
 

 

For simplify, we now assume: 

𝐵 = (𝜇  𝜎), 𝐶 = (𝜇  𝛼1  𝜏), 𝐷

= (𝜇  𝛼2  𝜏), 𝐹

= (𝜇  𝛼1  𝜃),  

𝐺 = (𝜇  𝛼2  𝜃),𝐻 = (𝜇  𝛾), 𝐾 = (𝜇  𝜀), 𝐿

= (𝜇  𝜌),𝑁

= (𝜇  𝛼1  𝛼2  𝜏), 

𝑂 = (𝜇  𝜏), 𝑄(𝜇  𝛼1  𝛼2  𝜃), 𝑇 = (𝜇  𝜃), 

𝑋 =
𝑝𝐺

𝑄𝑇
 
(1 − 𝑝)𝐷

𝑁𝑂
,𝑈 = (𝜇  𝛼1  𝛼2  𝜌) 
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Next, the basic reproduction number 
is determined by using the next generation 
matrix. The determination of the basic 
reproduction number of Equation (3) is 
computed in the following way. 

1. Linearize the infected subsystem at 

the disease-free equilibrium point 
𝐽(𝐸) =

=

[
 
 
 
 
 
 
 −(𝜇  𝜎)

𝜇𝛽𝑖(𝜇  𝜀)  𝜔𝜇𝜌

(𝜇  𝜀)(𝜇  𝜌)
0

𝜇𝛽𝑎(𝜇  𝜀)  𝜔𝜇𝜌

(𝜇  𝜀)(𝜇  𝜌)
0 0

(1 − 𝑝)𝜎 −(𝜇  𝛼1  𝜏) 𝛼2 0 0 0
0 𝛼1 −(𝜇  𝛼2  𝜏) 0 0 0

𝑝𝜎 0 0 −(𝜇  𝛼1  𝜃) 𝛼2 0

0 0 0 𝛼1 −(𝜇  𝛼2  𝜃) 0
0 𝜏 𝜏 0 0 −(𝜇  𝛾)]

 
 
 
 
 
 
 

 

2. Decompose Jacobian matrix (𝑱) into 

𝑱 = 𝑭 − 𝑽, with 𝑭 is a transmission 

matrix and 𝑽 is a transition matrix 

𝑭 =

[
 
 
 
 
 
 0

𝜇𝛽𝑖(𝜇  𝜀)  𝜔𝜇𝜌

(𝜇  𝜀)(𝜇  𝜌)
 0

𝜇𝛽𝑎(𝜇  𝜀)  𝜔𝜇𝜌

(𝜇  𝜀)(𝜇  𝜌)
 0 0

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0]

 
 
 
 
 
 

, 

𝑽 =

[
 
 
 
 
 

𝐵 0 0 0 0 0
−(1 − 𝑝)𝜎 𝐶 −𝛼2 0 0 0

0 −𝛼1 𝐷 0 0 0
−𝑝𝜎 0 0 𝐹 −𝛼2 0
0 0 0 −𝛼1 𝐺 0
0 −𝜏 −𝜏 0 0 𝐻]

 
 
 
 
 

 

3. Calculate 𝑅0 with 𝑅0 = 𝜌(𝑭𝑽
−𝟏) 

𝑅0

= (
𝜇𝛽𝑖𝐾  𝜔𝜇𝜌

𝐾𝐿
)(
(1 − 𝑝)𝜎𝐷

𝐵𝑁𝑂
)

 (
𝜇𝛽𝑎𝐾  𝜔𝜇𝜌

𝐾𝐿
)(
𝑝𝜎𝐺

𝐵𝑄𝑇
)           (4) 

Next, we calculate the endemic 
equilibrium point, which is the 
equilibrium point when the infection is not 
zero or when the disease is spreading in 
the population. Endemic means that in a 
population there are always diseased 
individuals. The endemic equilibrium 
point is obtained 𝐸1 =
(𝑠∗, 𝑠𝑚

∗, 𝑣∗, 𝑒∗, 𝑖∗, 𝑖𝑚
∗, 𝑎∗, 𝑎𝑚

∗, 𝑞∗) with 

𝑠∗ =
𝜇(𝜇  𝛼2  𝜌  𝛽𝑎𝑎

∗  𝛽𝑖𝑖
∗)

(𝜇  𝛼1  𝛼2  𝜌  𝛽𝑎𝑎
∗  𝛽𝑖𝑖

∗)(𝜇  𝜌  𝛽𝑎𝑎
∗  𝛽𝑖𝑖

∗)
 

𝑠𝑚
∗ =

𝜇𝛼1
(𝜇  𝛼1  𝛼2  𝜌  𝛽𝑎𝑎

∗  𝛽𝑖𝑖
∗)(𝜇  𝜌  𝛽𝑎𝑎

∗  𝛽𝑖𝑖
∗)

 

𝑣∗ =
𝜇𝜌

(𝜇+𝜌+𝛽𝑎𝑎∗+𝛽𝑖𝑖
∗)(𝐾+𝜔𝜎𝑋𝑒∗)

, 𝑖∗ =

(𝜇+𝛼2+𝜏)(1−𝑝)𝜎𝑒
∗

(𝜇+𝛼1+𝛼2+𝜏)(𝜇+𝜏)
,  𝑖𝑚

∗ =
𝛼1(1−𝑝)𝜎𝑒

∗

(𝜇+𝛼1+𝛼2+𝜏)(𝜇+𝜏)
 

𝑎∗ =
(𝜇+𝛼2+𝜃)𝑝𝜎𝑒

∗

(𝜇+𝛼1+𝛼2+𝜃)(𝜇+𝜃)
,  𝑎𝑚

∗ =

𝛼1𝑝𝜎𝑒
∗

(𝜇+𝛼1+𝛼2+𝜃)(𝜇+𝜃)
, 𝑞∗ =

(𝑖∗+𝑖𝑚
∗)𝜏

(𝜇+𝛾)
 

where 𝑒∗ is a solution of  

𝑓(𝑒∗) = 𝑎0𝑒
∗2  𝑎1𝑒

∗  𝑎2 = 0               (5) 

with 

𝑎0 = (𝛽𝑎𝑝𝜎𝐵𝐺𝑁𝑂

 𝛽𝑖(1 − 𝑝)𝜎𝐵𝐷𝑄𝑇)(𝜔𝜎𝑋) 

𝑎1 = (𝛽𝑎𝑝𝜎𝐵𝐺𝑁𝑂  𝛽𝑖(1 − 𝑝)𝜎𝐵𝐷𝑄𝑇)𝐾

 (
 𝜌𝜇𝜔𝜎𝑋

𝐾

 𝐵𝐿(1

− 𝑅0)) (𝑁𝑂𝑄𝑇𝜔𝜎𝑋) 

𝑎2 = 𝐵𝐾𝐿𝑁𝑂𝑄𝑇(1 − 𝑅0) 

Theorem 2. If 𝑅0 > 1 then the endemic 

equilibrium point 𝐸1 =

(𝑠∗, 𝑠𝑚
∗, 𝑣∗, 𝑒∗, 𝑖∗, 𝑖𝑚

∗, 𝑎∗, 𝑎𝑚
∗, 𝑞∗) exists. 

Proof. The existence of an equilibrium 
point is seen from each positive element, 
according to the conditions for the 
formation of the model. It is clear that 
every element 𝐸1 is positive if 𝑒∗ > 0. 
According to the Descartes Rules of Sign, a 
polynomial has one positive root if there is 
a change in one sign of its coefficient 
(Levin, 2002). Considering the polynomial 
coefficient in Equation (5), it is clear that 
𝑎0 > 0, 𝑎1 < 0 and 𝑎2 < 0 if 𝑅0 > 1. 
Hence, we obtained 𝑒∗ > 0 if 𝑅0 > 1. 

 ∎ 

Stability of the Equilibrium Point 
Theorem 3. The disease-free equilibrium 
point of Equation (4) will be locally 
asymptotically stable if 𝑅0 < 1 and ∆4> 0. 

Proof. Analysis of the stability of the 
equilibrium point can be determined by 
finding the eigenvalues of the Jacobian 
matrix obtained through the linearization 
method of the system around the 
equilibrium points of Equation (3). The 
eigenvalue matrix 𝐽(𝐸0) is obtained by 
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solving det(𝜆𝐼 − 𝐽(𝐸0)) = 0. So that the 

characteristic equation is obtained as 
follows: 

(𝜆  𝐾)(𝜆  𝐻)(𝜆  𝐿)(𝜆  𝑈)𝑃 =0 (7) 
with 𝑃 = 𝑎0𝜆

5  𝑎1𝜆
4  𝑎2𝜆

3  𝑎3𝜆
2  

𝑎4𝜆  𝑎5 

𝑎0 = 1, 𝑎1 = 𝐵  𝑁  𝑂  𝑄  𝑇, 𝑎2 =

𝐵𝑁  𝐵𝑄  𝑁𝑄  𝐵𝑇  𝑁𝑇  𝐵𝑂  𝑂𝑄  𝑂𝑇  

𝑁𝑂  𝑄𝑇 − (1 − 𝑝)𝜎 (
𝛽𝑖𝜇

𝐿
 
𝜔𝜇𝜌

𝐾𝐿
) − 𝑝𝜎 (

𝛽𝑎𝜇

𝐿
 

𝜔𝜇𝜌

𝐾𝐿
) 

𝑎3 =
1

𝑌1(1 − 𝑝)𝐷𝑄𝑇  𝑍1𝑝𝐺𝑁𝑂
(𝑌1(1

− 𝑝)[𝐵𝑁𝛼2𝑄
2𝑇  𝐵𝑁𝛼2𝑄𝑇

2

 𝐵𝐷(𝑄𝑇)2  𝑁𝐷(𝑄𝑇)2

 𝐵𝑂𝐷𝑄2𝑇  𝐵𝑂𝐷𝑄𝑇2

 𝑂𝐷(𝑄𝑇)2]

 𝑍1𝑝[𝐵𝑄𝛼2𝑁
2𝑂  𝐵𝑇𝐺𝑁2𝑂

 𝐵𝑄𝛼2𝑁𝑂
2  𝐵𝑇𝐺𝑁𝑂2

 𝐵𝐺(𝑁𝑂)2  𝑄𝐺(𝑁𝑂)2

 𝑇𝐺(𝑁𝑂)2]

 𝑁𝑂𝑄𝑇[𝑌1(1 − 𝑝)𝐷(𝑄  𝑇)

 𝑍1𝑝𝐺(𝑁  𝑂)

 [𝐵(𝑌1(1 − 𝑝)(𝐷  𝑄  𝑇)

 𝑍1𝑝(𝐺  𝑁  𝑂))(1 − 𝑅0)]]) 

𝑎4 = 𝐵𝑁𝑄𝑇  𝐵𝑂𝑄𝑇  𝐵𝑁𝑂𝑄  𝐵𝑁𝑂𝑇

 𝑁𝑂𝑄𝑇

− (1 − 𝑝)𝜎 (
𝛽𝑖𝜇

𝐿
 
𝜔𝜇𝜌

𝐾𝐿
) (𝐷𝑄

 𝐷𝑇  𝑄𝑇)

− 𝑝𝜎 (
𝛽𝑎𝜇

𝐿
 
𝜔𝜇𝜌

𝐾𝐿
) (𝐺𝑁  𝐺𝑂

 𝑁𝑂) 

𝑎5 = 𝐵𝑁𝑂𝑄𝑇(1 − 𝑅0)  

Based on the characteristic in 
Equation (7), we obtained 𝜆1 = −𝐾, 𝜆2 =
−𝐻, 𝜆3 = −𝐿, 𝜆4 = −𝑈. Since the values of 
𝑈, 𝐿, 𝐻, and 𝐾 are positive, the sign of the 
real part of the four eigenvalues is 
negative. According to the Lienard-Chipart 

criteria (Daud, 2021), all eigenvalues for a 
fifth-degree polynomial will be negative if 
and only if 𝑎1, 𝑎3, 𝑎5 > 0 and ∆2, ∆4> 0. It 
is clear that 𝑎1 > 0 and 𝑎3, 𝑎5 > 0 if 𝑅0 <
1. Based on the Routh-Hurwitz matrix, the 
value of ∆2 is 

∆2= |
𝑎1 𝑎0
𝑎3 𝑎2

| = 𝑎1𝑎2 − 𝑎3 

=
1

𝑌1(1 − 𝑝)𝐷𝑄𝑇  𝑍1𝑝𝐺𝑁𝑂
((𝐵  𝑁

 𝑂)𝑌1(1 − 𝑝)[𝐵𝑁𝛼2𝑄𝑇
 𝐵𝑄2𝐷𝑇  𝑁𝑄2𝐷𝑇
 𝐵𝑇2𝐷𝑄
 𝑁𝑇2𝐷𝑄  𝐵𝑂𝐷𝑄𝑇
 𝑂𝑄2𝐷𝑇  𝑂𝑇2𝐷𝑄]
 (𝑄  𝑇)𝑌1(1 − 𝑝)[𝐵𝑄

2𝐷𝑇
 𝑁𝑄2𝐷𝑇  𝐵𝑇2𝐷𝑄
 𝑁𝑇2𝐷𝑄  𝑂𝑄2𝐷𝑇
 𝑂𝑇2𝐷𝑄  𝐷(𝑄𝑇)2]
 (𝐵  𝑄  𝑇)𝑍1𝑝[𝐵𝐺𝑁

2𝑂
 𝐵𝑄𝛼2𝑁𝑂  𝑄𝐺𝑁

2𝑂
 𝐵𝑇𝐺𝑁𝑂  𝑇𝐺𝑁2𝑂
 𝐵𝐺𝑁𝑂2  𝐺𝑁𝑂2𝑄
 𝐺𝑁𝑂2𝑇]
 (𝑁  𝑂)𝑍1𝑝[𝐵𝐺𝑁

2𝑂
 𝑄𝐺𝑁2𝑂  𝑇𝐺𝑁2𝑂
 𝐵𝐺𝑁𝑂2  𝐺𝑁𝑂2𝑄
 𝐺𝑁𝑂2𝑇  𝐺(𝑁𝑂)2]
 (𝑁  𝑂)𝑁𝑂𝑄𝑇𝑌1(1 − 𝑝)𝐷
 (𝑄  𝑇)𝑁𝑂𝑄𝑇𝑍1𝑝𝐺
 (𝑁
 𝑂)(𝐵𝑁𝑂𝑄𝑇𝑌1(1 − 𝑝)(1

− 𝑅0))

 (𝑄
 𝑇)(𝐵𝑁𝑂𝑄𝑇𝑍1𝑝(1 − 𝑅0))

 𝐵𝑁𝑂𝑄𝑇[𝐵(𝑌1(1 − 𝑝)
 𝑍1𝑝)(1 − 𝑅0)]
 𝐵𝑁𝑂𝑄𝑇(𝑌1(1 − 𝑝)𝐷

 𝑍1𝑝𝐺)𝑅0) 

then ∆2> 0 if 𝑅0 < 1.   

Based on the Routh-Hurwitz matrix, 
the value of ∆4 is 

∆4= |

𝑎1 𝑎0 0 0
𝑎3 𝑎2 𝑎1 𝑎0
𝑎5 𝑎4 𝑎3 𝑎2
0 0 𝑎5 𝑎4

|

= (𝑎3𝑎4 − 𝑎2𝑎5)Δ2
 (𝑎5 − 𝑎1𝑎4)(𝑎1𝑎4 − 𝑎5) 
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Thus, the disease-free equilibrium 
point 𝐸0 is locally asymptotically stable if 
𝑅0 < 1 and ∆4> 0.   

∎ 
Numerical Simulation 

Simulation is carried out to see the 
stability of the disease-free equilibrium 
point and the endemic equilibrium point. 
Numerical simulation of the mathematical 
model of the spread of COVID-19 with the 
use of health masks, vaccinations, and 
quarantines by taking parameter values 
from several studies as shown in Table 2. 

Table 2.  Parameter Value of Disease-
Free Equilibrium Point 

Para
mete

r 
Value Unit Reference 

𝜇 0.0125 
1

𝑑𝑎𝑦
 

(Badan Pusat 
Statistik, 2020) 

𝛽𝑖  0.2 
1

𝑑𝑎𝑦
 

(Aldila, 
Khoshnaw, et al., 

2020) 

𝛽𝑎  0.5 
1

𝑑𝑎𝑦
 

(Aldila, 

Khoshnaw, et al., 

2020) 

𝜌 0.0074 
1

𝑑𝑎𝑦
 

(Nuha, Achmad, 

& Supu, 2021) 

𝜔 0.0083 
1

𝑑𝑎𝑦
 

(Kertes et al., 
2022) 

𝜎 
0.1960
784314 

1

𝑑𝑎𝑦
 

(Aldila, Ndii, & 

Samiadji, 2020) 

𝜀 
0.0714
285714 

1

𝑑𝑎𝑦
 

(Pani et al., 
2021) 

𝑝 0.42  
(Aldila, 

Khoshnaw, et al., 
2020) 

𝜏 0.084 
1

𝑑𝑎𝑦
 

(Manaqib, 

Fauziah, & 

Hartati, 2021) 

𝛼1 0.6 
1

𝑑𝑎𝑦
 

(Manaqib et al., 
2021) 

𝛼2 0.4 
1

𝑑𝑎𝑦
 

(Manaqib et al., 
2021) 

𝜃 
0,1428
571429 

1

𝑑𝑎𝑦
 

(Iboi, Ngonghala, 

& Gumel, 2020) 

𝛾 
0,0714
285714 

1

𝑑𝑎𝑦
 

(Angeli, 

Neofotistos, 

Mattheakis, & 

Kaxiras, 2022) 

 
The simulation study is carried out 

using the Maple 2020 program by using 
the parameters in Table 2 and the initial 

values 𝑠(0) = 0.3, 𝑠𝑚(0) = 0.2, 𝑣(0) =
0.06, 𝑒(0) = 0.17, 𝑖(0) = 0.08, 𝑖𝑚(0) =
0.07, 𝑎(0) = 0.06, 𝑎𝑚(0) = 0.04, 𝑞(0) =
0.01, and  𝑟(0) = 0.01. From these, we 
obtain that 𝑅0 = 0.7068273190. The 
simulation results are presented in Figure 
2. 

 

 

Figure 2. System Simulation (4) Towards 
Disease-Free Equilibrium Point 

Based on Figure 2 on the 400th day, 
each compartment will be stable towards 
a disease-free equilibrium point 
(0.2586099435, 0.3695307600, 
0.05538329947, 0, 0, 0, 0, 0, 0, 
0.3164759971). The conclusion from the 
first simulation is that the disease will 
disappear from the population after 400 
days if 𝑅0 < 1. 

Next, a numerical simulation of the 
endemic equilibrium points for 𝑅0 > 1. 
The parameter values used are the same 
as the simulation of 𝐸0, except that the 
parameter of transmission rate in 
susceptible individuals from symptomatic 
infection (𝛽𝑖) is increased to 0.4, the 
individual unawareness rate in using 
health masks (𝛼2) is increased to 0.85, and 
the parameter value of the individual 
unawareness rate in using health masks 
(𝛼1) is reduced to 0.15 so that the basic 
reproduction number is obtained 𝑅0 =



Desimal, 7 (3), 2024 - 549 

Muhammad Manaqib, Madona Yunita Wijaya, Amelia Nur Yahya 

Copyright © 2024, Desimal, Print ISSN: 2613-9073, Online ISSN: 2613-9081 

1.923265537 and the initial value is equal 
to 𝐸0. The simulation results are shown in 
Figure 3. 

 

 

Figure 3. System Simulation (4) Towards 
the Endemic Equilibrium Point 

Based on Figure 3 on the 400th day, 
each compartment will be stable towards 
the endemic equilibrium point 
(0.2794188389, 0.04718463754, 
0.02867538272, 0.02881780516, 
0.02931591051, 0.004645944613, 
0.01329269082, 0.001983278914, 
0.03399075882, 0.5326747522). The 
conclusion obtained from this second 
simulation is that the disease will persist 
in the population if 𝑅0 > 1.  

Next, a numerical simulation will be 
carried out to see the level of effectiveness 
of the use of health masks by changing the 
parameter values for the individual 
awareness rate in using health masks (𝛼1) 
and the individual unawareness rate in 
using health masks (𝛼2) which are 
presented in Table 4. 

 

 

 

 

Table 4.  Comparison of the Effectiveness 
of the Use of Health Masks 

𝜶𝟏 𝜶𝟐 𝑹𝟎 

0 0 1.511788771 

1 1 0.8010993784 

1 0 0.1701863507 

0.15 0.85 1.310548408 

0.9 0.1 0.3043465927 

 
The graphical form is presented in 

Figure 4. 

    

 

(a) Simulation of point 𝑖 and 𝑖𝑚 and 𝑎 and 
𝑎𝑚 when 𝛼1 = 0 and 𝛼2 = 0 
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(b) Simulation of point 𝑖 and 𝑖𝑚 and 𝑎 and 
𝑎𝑚 when 𝛼1 = 1 dan 𝛼2 = 1 

 

 

(c) Simulation of point 𝑖 and 𝑖𝑚 and 𝑎 and 
𝑎𝑚 when 𝛼1 = 1 and 𝛼2 = 0 
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(d) Simulation of point 𝑖 and 𝑖𝑚 and 𝑎 and 
𝑎𝑚 when 𝛼1 = 0.15 and 𝛼2 = 0.85 

 

 

 

(e) Simulation of point 𝑖 and 𝑖𝑚 and 𝑎 and 
𝑎𝑚 when 𝛼1 = 0.9 and 𝛼2 = 0.1 

Figure 4. (a) Simulation of point 𝑖 and 𝑖𝑚 
and 𝑎 and 𝑎𝑚 when 𝛼1 = 0 and 𝛼2 = 0, 

(b) Simulation of point 𝑖 and 𝑖𝑚 and 𝑎 and 
𝑎𝑚 when 𝛼1 = 1 and 𝛼2 = 1, (c) 

Simulation of point 𝑖 and 𝑖𝑚 and 𝑎 and 𝑎𝑚 
when 𝛼1 = 1 and 𝛼2 = 0, (d) Simulation 

of point 𝑖 and 𝑖𝑚 and 𝑎 and 𝑎𝑚 when 𝛼1 =
0.15 and 𝛼2 = 0.85, (e) Simulation of 

point 𝑖 and 𝑖𝑚 and 𝑎 and 𝑎𝑚 when 𝛼1 =
0.9 and 𝛼2 = 0.1 

The conclusion obtained from the 
third simulation is that the disease will 
disappear from the population when the 
individual awareness rate in using health 
masks (𝛼1) is greater than or equal to the 
individual unawareness rate in using 
health masks (𝛼2). The larger 𝛼1, the 
smaller 𝑅0 will be, thus the disease will 
disappear more quickly from the 
population. 

Furthermore, numerical simulations 
are carried out by changing the parameter 
value of the vaccination rate of susceptible 
individuals (𝜌) to determine how much 
the effect of 𝜌 as presented in Table 5 and 
visualized in graphical form in Figure 5. 
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Table 5.  Effect of Vaccination Rate 

𝝆 𝑹𝟎 
0 1.122491704 

0.02 0.4346146753 

0.04 0.2708344306 

0.06 0.1974157000 

0.08 0.1557456099 

0.1 0.1288915518 

       

(a) Simulation of point 𝑖 dan 𝑎 when 𝜌 =
0

 

 

(b) Simulation of point 𝑖 dan 𝑎 when 𝜌 =
0.02 

      

(c) Simulation of point 𝑖 dan 𝑎 when 𝜌 =
0.04

 

(d) Simulation of point 𝑖 dan 𝑎 when 𝜌 =
0.06 
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(e) Simulation of point 𝑖 dan 𝑎 when 𝜌 =
0.08

 

(f) Simulation of point 𝑖 dan 𝑎 when 𝜌 =
0.1 

Figure 5. (a) Simulation of point 𝑖 dan 𝑎 
when 𝜌 = 0, (b) Simulation of point 𝑖 dan 
𝑎 when 𝜌 = 0.02, (c) Simulation of point 𝑖 

dan 𝑎 when 𝜌 = 0.04, (d) Simulation of 
point 𝑖 dan 𝑎 when 𝜌 = 0.06, (e) 

Simulation of point 𝑖 dan 𝑎 when 𝜌 =
0.08, (f) Simulation of point 𝑖 dan 𝑎 when 

𝜌 = 0.1 

The conclusion obtained from the 
fourth simulation is that the higher the 
vaccination rate (𝜌), the smaller 𝑅0 will be; 
hence the disease will disappear from the 
population more quickly. 

 
 

Sensitivity Analysis 
The sensitivity index measures the 

association of a parameter model with the 
basic reproduction number (𝑅0). This 
index provides information on whether a 
parameter has a significant effect on the 
𝑅0 value. A parameter with a high effect on 
the 𝑅0 value indicates that the parameter 
has the most important effect on the 
spread of COVID-19. Sensitivity analysis is 
calculated by taking the first derivative of 
the 𝑅0 equation to the parameter 𝑝 
(Resmawan & Yahya, 2020). In the 
following example, the sensitivity index of 
the parameter 𝛽𝑖 can be calculated as 
follows: 

𝐶𝛽𝑖
𝑅0 =

𝜕𝑅0
𝜕𝛽𝑖

×
𝛽𝑖
𝑅0
  

=
𝜇(1 − 𝑝)𝜎(𝜇  𝛼2  𝜏)

(𝜇  𝜌)(𝜇  𝜎)(𝜇  𝛼1  𝛼2  𝜏)(𝜇  𝜏)

×
𝛽𝑖
𝑅0
  = 0.4547213333 

Table 6.  Sensitivity Index for the Model 
Parameters 

Parameter Sensitivity Index 

𝛽𝑎  +0.5428104680 

𝛼1 -0.5320421745 

𝛽𝑖  +0.4547213333 

𝜃 -0.4272504996 

𝛼2 +0.4045302123 

𝜌 -0.3693910976 

𝜏 -0.3550224068 

𝜇 +0.2213470644 

𝑝 +0.2131174651 

𝜎 +0.05992949450 

𝜔 +0.002468198436 

𝜀 -0.002100594393 

 
Based on Table 6, it shows the 

sensitivity index of each parameter used in 
this model. The sensitivity index is 
ordered based on how much effect the 
parameter has on the value of 𝑅0.Seven 
parameters are found with positive 
sensitivity indices, i.e., 𝛽𝑎, 𝛽𝑖, 𝛼2, 𝜇, 𝑝, 𝜎, 
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and 𝜔. This means that if the value of these 
parameters increases, the spread of 
COVID-19 will also increase, and vice 
versa. In contrast, five parameters are 
found with negative sensitivity indices, i.e., 
𝛼1, 𝜃, 𝜌, 𝜏, and 𝜀. This means that 
increasing the value of these parameters 
will decrease the spread of COVID-19, and 
vice versa. 

The sensitivity index of 𝛽𝑎 =
 0.5428104680 is interpreted as if the 
parameter value of 𝛽𝑎 is increased (or 
decreased) by 10%, the value of 𝑅0 will 
increase (or decrease) by 5.428104680%. 
On the other hand, the parameter 
sensitivity index of 𝛼1 = −0.5320421745  
means that by increasing (or decreasing) 
the parameter value of 𝛼1 by 10%, the 
value of 𝑅0 will decrease (or increase) by 
5.320421745%. 

CONCLUSIONS AND SUGGESTIONS 

Based on the assumptions that have 
been set in this study, it can be concluded 
that a mathematical model of the spread of 
COVID-19 is obtained by using health 
masks, vaccinations, and quarantines. The 
model obtained is a system of nonlinear 
differential equations. From the model, 
two equilibrium points are obtained, 
namely the disease-free equilibrium point 
and the endemic equilibrium point. The 
disease-free equilibrium point will be 
locally asymptotically stable when 𝑅0 < 1, 
and the endemic equilibrium point exists 
if 𝑅0 > 1. When 𝑅0 < 1, the model has two 
endemic equilibrium points. The 
numerical simulation of the model 
supports the analysis results obtained. 
Based on the results of sensitivity analysis, 
the parameter that has the most effect on 
the value of 𝑅0 can be identified. Some 
things that can be done so that the disease 
disappears from the population are 
increasing individual awareness of the use 
of masks (𝛼1) on susceptible and 
symptomatic infected individuals or 
infected without symptoms when going 
out of the house and in crowded places, 

reducing contact with symptomatic 
infected individuals (𝛽𝑖) or asymptomatic 
infected (𝛽𝑎), increasing the rate of 
individuals being vaccinated (𝜌), and 
increasing the quarantine rate (𝜏) for 
symptomatic infected individuals. 

For further researchers, it is 
recommended to add the assumption of 
death due to disease because in the case of 
Covid-19. This research only discusses 
local stability; further research can 
investigate global stability. 
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