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Abstract

Background: Reversible thinking is a cognitive strategy that involves
Avrticle Information tracing the path from an end result back to the starting point. It is
Submitted July 18, 2023 particularly useful in problem-solving.
Revised November 15, 2023 Aim: This study aims to describe the thought process of high school
Accepted November 17, 2023 students in finding solutions to van hiele geometry problems using

reversible thinking ability.
Keywords Method: A case study approach was employed. The participants were
Reversible thinking; Van hiele two high school students, and the research tools included written tests
geometry thinking; Ways of and interviews. These instruments were used to delve into the students'
thinking. written responses.

Result: The findings revealed two key aspects: firstly, the students' van
Hiele geometry thinking was predominantly at the deduction stage,
evidenced by their ability to model geometric shapes based on their
characteristics. Secondly, their reversible thinking in geometry was
demonstrated through the simplification of fractional operations to
obtain whole parts.

Conclusion: The study highlights the efficacy of reversible thinking in
solving geometric problems and provides insights into the cognitive
processes of high school students. The ability to reverse engineer
solutions from a known outcome back to the starting conditions is a
valuable skill in mathematical problem-solving.

INTRODUCTION

Geometry is a discipline of mathematics that is found in the curriculum of developed
countries (Acar & Serce, 2021; Takeuchi & Shinno, 2020; Yang et al., 2017). These countries
include geometry into the curriculum because through learning geometry students get a
variety of interests. Some of these interests include: (a) develop problem solving skills
(Febriana et al., 2020); (b) develop reasoning ability (Sundari et al., 2022); (c) related to
problems in everyday life, in case the use of geometry in making batik that has high aesthetic
value, using spatial imagery in creating geometry paintings, even integrated with technology
to make the coding of a tool (Han et al., 2022; Khalishah & Nalim, 2023; Pérez-Fabello &
Campos, 2023).

Geometry is closely related to shapes and spaces. Furthermore, Van Hiele identifies
students' ability to solve problems related to shapes and spaces into five cognitive levels
which are classified as follows: (1) Level 1 visualization stage, the ability of students to be
able to recognize the forms of geomteri simply, not yet to understand its properties; (2) Level
2 analysis stage, the ability of students to describe the geometric forms based on its
characteristics. The characteristics of the geometric shapes are obtained based on the results
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of observations, measurements or making models (Andelkovi¢ & Malinovi¢-Jovanovié,
2022); (3) Level 3 informal deduction or abstraction stage, the ability of students to be able to
establish the relationship between a geometric shape with others. At this stage students are
able to build classifications between geometric figures and build necessary and sufficient
conditions in a figure (Arnal-Bailera & Manero, 2023); (4) Level 4 formal deduction stage,
the ability of students to start building definitions, theorems and conclusions to knowledge
about a geometric figure; (5) level 5 rigor stage, the ability of students to be able to reason
formally in proving definitions, theorems, axioms and or consequences (Cesaria et al., 2021).

At the third and fourth levels of van hiele geometry, students are able to define a
concept and integrate it with other concepts to produce a correct conclusion. Based on several
studies, students' ability to solve problems at the third and fourth levels is still a minority. This
is due to a lack of understanding of geometry concepts and lack of practice in solving
geometry problems (Kania et al., 2022), not trying to re-check the answer or check the steps
taken from the answer obtained (Ramadhania et al., 2022) and lack of basic mathematical
ability to solve geometry problems (Ristanty & Pratama, 2022).

There are five basic mathematical abilities that must be improved by students to help
construct mathematical problem. The five abilities are problem solving, communication,
connection, reasoning, and representation. In the basic ability of problem solving, there is one
of the thinking processes that can support students to think logically in two directions of
solving, which is the reversible thinking ability (Pebrianti et al., 2022)

Reversible thinking ability requires students to be able to find solutions by changing the
order of thinking logically (Saparwadi et al., 2020; Steffe & Olive, 2009). The mental process
in reversible thinking is performed by constructing a strategy that starts from the final value,
then thinks backwards until it finds the initial value. Therefore, a complete understanding of a
concept is a requirement that supports the success of students in carrying out the reversible
thinking process. Hackenberg (2005) defines reversible thinking as an understanding that the
combination of each integrated part is a unity that forms a whole. The main idea is a person
who engages in reversible thinking can begin with the result of operation and create the

starting point. For example, if a student is told "this rectangle is 2 of another rectangle,” they

can operate to produce a rectangle that is g Being able to solve that kind of problem

consistently would be evidence of a reversible fraction scheme because the student can start
with a fraction of a unit and produce the unit. Based on one of these cases, the ability to think
reversibly is one of the basic abilities that can be used to solve problems related to shapes and
spaces.

Considering the importance of reversible thinking ability in relation to problem solving
ability, both in geometry and algebra, therefore this ability must be owned by students. But in
fact, based on research conducted by Maf’ulah & Juniati (2019) stated that students are still
lacking in establishing reversible relationships between functions and their graphs. This
research is in line with the statement Sangwin & Jones (2017) that when presented reversible
thinking problems in algebra with multiple choice types, students are more prepared to do it
by matching answers. Based on the research that has been done, it is stated that students'
reversible thinking ability is still lacking in algebra topics. However, so far there has been no
research that reveals the reversible thinking ability of students on the topic of geometry.
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Based on background explanation, the general purpose of this study is to identify the
thought process of high school students in finding solutions to van hiele geometry problems
using reversible thinking ability. Accordingly, the research questions are as follows: (1) how
is the students' process in identifying the characteristics of shapes based on Van Hiele's
theory? (2) how is the reversible thinking ability of students in solving van hiele geometry
problems?

METHODS

Research Design

This research uses a case study approach with the aim to explore the problem of students'
reversible thinking process in finding the solution pattern of shapes or images with the
provision of reversible thinking ability. We employed Bungin (2003) as a framework for
conducting this research, as follow: (1) Gathering data from student responses to reversible
problems and conducting interviews; (2) Streamlining the data to highlight its relevance for
the research. (3) Presenting the data, revealing the outcomes of calculations and exploring
answer; (4) Concluding phase involves interpreting the collected and analyzed data to
generate results that address the research question.

Participant and Data Collection

A total of two high school students (15-18 years old, both male and female) studying in
Bandung City, West Java, Indonesia were the subjects of this study. These two students were
chosen because they have good ability in mathematical thinking based on the recap of grades
during the learning process in the classroom. Furthermore, these two students were coded S1
and S2.

The instruments used to collect research data are tests, interview guidelines and
documentation (audio recording). The test instrument is a number of 2 problems, aiming as
the main gate to be able to identify reversible thinking style in solving van hiele geometry
problems. Problems presented are selected based on several criteria, including: (a) the
problem presented must be related to Van Hiele's geometry thinking process (b) the problem
presented must require students to use reversible thinking rules (c) the difficulty of the
problem is presented starting from the easiest problem to the difficult problem. The time
given to find the solution of the problem is 15 minutes. Two problems given to students are as
follows:

Level 1

You are given an equilateral pentagon. Estimate what shape is formed from g parts of the
equilateral triangle! Include a picture for this answer!

Level 2
An equilateral triangle is % of a quadrilateral. Estimate what shape can be formed by the %

parts of the shape! Include a picture for this answer!

Furthermore, the interview process was conducted to the three students based on the answers
obtained. In this way, the researcher conducted interviews with each student within 15-20
minutes. The interview conducted was semi-structured, with a guideline to get the main point
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in solving van hiele geometric problems using reversible thinking process. The general
questions included: what information was obtained first? What was the first thought when
getting the information? What confusion was felt when going to solve the problem?

Analyzing of Data

Data analysis was carried out based on test results and interviews. First of all, to recognize the
data is done by repeatedly reading the answers written by students and repeatedly listening to
the interview records obtained. This was also done to get synchronized results between
written answers and oral expressions expressed by students. This initial identification also
helped researchers to categorize the data appropriately. Categorization is intended to help
simplify the perception or idea of the reversible ability of students in finding Van Hiele
geometry solutions, so as to make the right conclusions to answer research questions.

RESULTS AND DISCUSSION

Results

The students' thinking process studied in this article is the geometry thinking ability of
students based on van hiele's level of ability by identifying the characteristics of the shapes
that must be constructed by students. Furthermore, students' ability to think reversibly is
associated with the pattern of the shapes they obtained.

Thought Process for Identifying Geometry Characteristics

In problem no 1, students are asked to construct an equilateral pentagon which is a
combination of five congruent triangles. Based on the information provided, students are
asked to find the relationship between congruent triangles and the equilateral pentagon. Based

on the information, the relationship obtained is that a triangle that builds a pentagon is % part

of the pentagon.

Based on the results of the written answers of the 2 students who became respondents,
both of them had a quite good concept to define the equilateral pentagon. Furthermore, in
making the relationship between the pentagon and the triangle, one student succeeded in
establishing the relationship between the two figures, but the other student did not. Figure 1
below shows the two students' answers in constructing the relationship between the pentagon
and the triangle, with the information that the picture on the left is S1's answer and the picture
on the right is S2's answer:
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dik: Formed from 5 equilateral A parts dik: Equilateral pentagon
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dit: Describe the shape formed by dit: g dari equilateral pentagon

answer: Just add g to S maka hasilnyag

Figure 1. Students' answers to question number 1
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After an in-depth interview, one of the students who made a mistake in making a
solution (S2 in the right-side picture) because the student is wrong in modeling in geometry.
This is because students are not careful in reading the problem. Students do not realize that
the pentagon is built by five congruent triangles. So, the student took the initiative to make an

assumption, that this full triangle is 100%, so that to determine the other g parts, it is done by
estimating. However, the weakness of the answer obtained is that there is no guarantee that
the geometry formed is how many parts of the main shape. Therefore, in solving problem
number 1, it can be constructed by first understanding that a triangle is % part of the whole, so

eight triangles can form an equilateral eighth as one of the possibilities. Table 1 below is a
description of the interviews with S2 students:

Table 1. Example of Students' Interview Transcripts in Solving Problem 1

Question Students’ Answer
How did you do problem 1?

First, | drew a pentagon, then | looked for the g part of

100% and the result was 62.5. Therefore, the
remaining 37.5 is the flat shape you are looking for

Why the drawing becomes a parallelogram? It's supposed to be rectangular.

How do you know that the rectangular shape is At first, | divided the equilateral rhombus into 25%
37.5%7? each, then | estimated that 37.5% of the the figure.
How do you prove that your answer is correct? We have to know what ¥ of a pentagon looks like.

Then estimate it.

Furthermore, in question number 2, information is given on a quadrilateral that is
composed of three congruent equilateral triangles. Students are asked to be able to arrange
these three equilateral triangles to form a quadrilateral. But before constructing the shape,
students must have the right basic definition of a quadrilateral. Based on the test results, both
respondents did not answer this question correctly. The interview data also supports their
written statements, that students miss many basic definitions of quadrilaterals. Based on the
information obtained from both respondents, a quadrilateral is a geometry consisting of 4
sides, each of which has the same length. From this erroneous perception, it has an impact on
the difficulty of students to construct a new shape that has the same side length composed by

three congruent equilateral triangles. Figure 2 below are two students' answers to problem
number 2:
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dik: %A is part of O dik: Equilateral triangle gfrom a quadrilateral

dit: g from a quadrilateral

Answer: g from a quadrilateral is isosceles
triangle
Figure 2. Students' answers to question number 2
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Based on the answers written by students, students assume that a quadrilateral is the
same as a square. Students realize that a quadrilateral is not just a square when they are
introduced to the term quadrilateral family which includes trapezoid, kite, parallelogram,
rhombus, and rectangle. Furthermore, when the question was expanded to reveal the
relationship between geometry in the quadrilateral family, students were also confused. One
of the respondents revealed that studying the characteristics of geometry is done separately, so
students cannot relate the characteristics between one geometry with another. Table 2 below
is interview illustrates students' knowledge about the definition of quadrilateral.

Table 2. Example of Students' Interview Transcripts in Solving Problem 2

Question Answer

S1

What is a quadrilateral according to you? The quadrilateral is a square, because it has equal sides

If a rectangular is a square, isn't it? No, because based on what | learned from elementary
school and from tutoring, what is called a quadrilateral is a
square.

S2

What is the definition of a quadrilateral? A geometric shape that has four sides of equal length.

What does equal side length mean? So, the left and right sides are equal in length, and the top
and bottom sides are also equal in length.

If the trapezoid is a quadrilateral, isn't it? Eh, yes, come in. Then it doesn't have to be the same
length?

Problem Solving Process Using Reversible Thinking Ability

In problem number 1, one of the students (Respondent S1) was able to verbally express the
basic concepts used in the context of the problem. The answers of students who can construct
well the requested drawings according to the concept of fractions are as follows:
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Figure 3. Students' answers use reversible thinking in fraction

Information based on the written test answers and interviews obtained that a triangle in
a pentagon represents the value of % so 5 triangles in a pentagon represent the value of g This

knowledge is in accordance with the definition of fractions that focus on reversible thinking,
which is that fractions are part of the whole. That a triangle is 1 part of 5 whole triangles.

Furthermore, to be able to get the value of g (the context in question), fraction operations must
be used, as follows:

3
5

U] ©
ull
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So, to get the geometry that is sought, the original image must be added with % parts of
the original pentagon. However, what is difficult for students is to re-model the fraction form
% into the form of a picture. Students did not think of exploring other possible shapes that

could be formed from the 8 congruent triangles that were constructed.

As for the other students, the reversible thinking ability cannot be identified based on the
results of the written test, because they read the problem incorrectly. Based on clarification in
the interview process, students actually understand that fractions are part of the whole, based
on the investigation in the following Table 3:

Table 3. Example of Students' Interview Transcripts to Explore Reversible Ability

Question Answer
How did you do problem 1? I first drew a pentagon, then | found the 5/8part of
100% and the result was 62.5. Therefore, the
remaining 37.5 is the figure you are looking for
Why is there a subtraction operation? From the discount formula, for example, 50% discount
means 100% minus the product of 50%.

From the student's thinking process above, it can be identified that students understand
the concept of fractions which are part of the whole, so students can formulate an equation,
that if the whole pentagon is worth 100% then the 5/8 part is worth 37.5%.

Furthermore, in problem number 2, no student succeeded in finding a solution, so it
caused the students' reversible thinking process could not be identified. This is because
students miss the basic definition of quadrilateral. Therefore, by fixing the definition of a
quadrilateral first, students can create a solution construction by making a quadrilateral
consisting of three equilateral triangles, then arranging the other two triangles as in the

following figure.

g part of whole g part of whole

Discussion
This study aims to identify the characteristics of students' geometry thinking based on Van
Hiele's levels, including visual, analysis, non-formal deduction, formal deduction, and rigor
levels. The identification of students' geometry ability level is obtained based on the
suitability of the object described from the exploration of the problem. Then, the object is
used as the basis for determining the strategy in finding a solution. In the process, students'
reversible thinking ability is measured in constructing geometry as an alternative solution.
Based on the research results obtained, students who are able to build geometry models
by identifying their characteristics are categorized as students who have van hiele thinking
ability at the deduction level. This corresponds to Maharani et al. (2019) research that
students who have been able to classify the character of each geometric figure, understand the
sequence of geometric structures even to be able to understand the relationship between one
geometric figure and another are identified as having van hiele's geomtery ability at the
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deduction level. This is also in line with what is stated by Cesaria et al. (2021) that at the
deduction level students can identify the relationship between the properties of geometric
shapes and can classify them hierarchically.

After students are able to create the right geometry model and relate the shapes to each
other, they must define the value of the geometry they are looking for. This process requires
the use of reversible thinking ability. This is because to determine the value of a geometric
figure, students start with the result of the operation and create a starting point. For example,

if a student is told "this rectangle is % of another rectangle,” they can operate on it to produce a

rectangle that measures g Being able to solve such problems consistently would be evidence

of a reversible fraction schema as students can start with a unit fraction and produce a unit. In
his research, Hackeberg also identified students' reversible thinking ability by asking students
to determine the value of an unknown quantity from a known quantity that can be repeated
several times (Hackenberg, 2010).

Students who have good reversible ability will be able to identify fractions as part of the
whole (Tzur, 2004). This process will be a way for students to determine the statement that a
triangle is 1/3 part of the three triangles arranged. This is in line with Hackenberg's statement
(Hackenberg, 2010) that negation activity is one aspect of thinking that can measure
reversible thinking processes in students. This means that students can perform the process of

cancelling operations in producing the intended value. In this case, to get that a triangle is g

part of three triangles arranged, it can be done by adding % + % + % so as to produce 1 part of a

complete building.

Based on the results of tests and interviews, students' thinking framework in
constructing solutions, tend to be passive in understanding the characteristics of geometry.
Passive here can be interpreted that students recognize the characteristics of geometry but
can’t build a formal connection to the characteristics of geometry. Students consider that each
geometric figure has different characteristics (not overlapping). Sensitivity in identifying the
characteristics of geometry is important to then be able to know the relationship between
geometry shapes. Septian & Komala (2019) revealed that the ability to investigate problems,
describe results, understand ideas to be developed in the next idea means the same as making
mathematical connections. The passivity of students in interpreting the characteristics of
geometry is preceded by concepts that are not comprehensively understood (Dewanti &
Komala, 2023).

Furthermore, students who are successful in identifying geometric shapes, will have the
opportunity to succeed in making proportions as solutions to equations. The use of the
concept of fractions as "part of the whole" has begun to be applied in answering the questions.
This is the basis for understanding students' reversible thinking process (Hackenberg, 2010).
Based on the explanation of the two respondents, the reversible thinking ability of upper
secondary students has indeed emerged, but it has not been optimally used. One of the causes
of students' non-optimisation in performing reversible thinking strategies is the basic
definition of the concept of "part of the whole" is not formally constructed. Their perception
of fractions is only the comparison of two values. This statement is in accordance with the
results of research conducted by Sutiarso (2020) related to reversible thinking ability in
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secondary school students on the topic of functions and graphs. The results of the study stated
that of all students who were given reversible thinking problems, only a small proportion
were able to solve them due to the incompleteness of the function concept. In line with these
results, Sangwin & Jones’s research (2017) also emphasises that when students are given
multiple choice questions, students prefer to construct answers by verifying answers with
direct methods, not by doing the reverse calculation.

Thus, the series of thought processes synthesized by students based on the results of this
study that high school students have a fairly good ability to be able to construct geometry
modeling with a note that the ability of its mathematical connections should be addressed,
because it affects the solution strategy to be implemented. Additionally, the characteristics of
reversible thinking ability of high school students have also not fully performed optimally,
because students are still limited by the basic definitions that are not yet established.

This study found two characters of students' thinking in constructing answers that
require reversible thinking processes. The two participants as subjects are one female and one
male respectively. These two participants have different ways of thinking. Male students tend
to explore answers that are in accordance with the important statements contained in the
problem. This is likely influenced by gender. Based on research Langi’ et al. (2023) that
gender affects mindset in solving integral problems.

Based on the investigation from the interview process, the problem given had never
been recognized before by the male student. Nevertheless, the basic knowledge possessed by
the student can be explored to build a correct and appropriate solution. Meanwhile, female
students tend to be procedural by remembering similar events to be applied in solving the
given problem. As is the case in solving fraction problems which are part of the whole
associated with the concept of discounting. However, the use of reversible thinking by both
students is not optimal, students tend to answer by guessing, rather than thinking backwards.
This is because the process of thinking backwards is more difficult to do because it requires
the ability to think in both directions of completion (Flanders, 2014).

The researchers also realized that students' achievement in reversible thinking needs
improvement (Balingga et al., 2016; Maf ulah et al., 2019). When students perform reversible
thinking process, they tend to actively construct their knowledge. This is because the
reversible thinking process requires students to understand the basic definition well (including
the theorem). Research related to reversible thinking is also one of the important aspects
researched in developed countries, because it is one of the thinking strategies in problem
solving (Hackenberg, 2005). This reversible thinking process is developed starting from the
basic education level on multiplication material. Based on this research, it is argued that
division is not a memorization but as the reverse of the multiplication operation.

Limitation and Suggestion for Further Research

This study analyses how students' optimisation in developing solution strategies when
presented with a geometry problem that requires reversible thinking strategies. However, this
research only focuses on reversible ability on geometry topics. Future research can expand
mathematical objects in calculus at the university level. In addition, based on the findings that
students' reversible thinking ability on geometry topics is still not optimal, further research
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can be carried out related to the development of teaching materials or media that can improve
students' reversible thinking ability.

CONCLUSIONS

This study describes the thought process of students in solving geometry problems that
require reversible thinking ability, so two conclusions are obtained, including: (1) the ability
of high school students in expressing Van Hiele's geometry thinking ability is at the deduction
stage. This is identified based on the ability of students to model geometric shapes based on
their characteristics. One of the weaknesses of students to model these geometric shapes is to
build connections formally to the characteristics of the geometry; (2) the ability of high school
students in reversible thinking can be identified through the process of solving operations to
produce fractions from a known fraction. However, this process has not worked optimally due
to the knowledge of students is still limited by the basic definition that is not yet solid. This is
identified from students' ability to make proportions as a solution to equations, that students
are still unable to make correct statements related to the definition of fractions as part of the
whole.
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