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Abstract

The set of all endomorphisms over R-module M is a non-empty set denoted
Avrticle Information by Endg(M). From Endg (M), we can construct the ring of End, (M) over
Submitted July 26, 2022 addition and composition function. The prime ideal is an ideal that satisfies
Revised Nov 24, 2022 the properties like prime numbers. In this paper, we take the ring of integer
Accepted Nov 29, 2022 number Z and the module of Z™ over Z such that the End;(Z") is a ring.

Furthermore, we show the existence of the prime ideal on the End(Z™).
Keywords We also applied a prime ideal property to prime ideal on Endz(Z™).
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INTRODUCTION

A module over a ring is a generalization structure of a vector space over a field (Matlis, 1968;
Nobusawa, 1964; Wahyuni et al., 2016). A vector space requires a commutative group and a
field. In module theory, a field can be replaced with any ring with unity (Marks, 2002; VVolodin,
1971; Jensen & Lenzing, 1989). Furthermore, the concept of a linear transformation is known
in a vector space. This concept is also implemented in modules called module homomorphism.

Let M and N be modules overaring R. If f: M — N is a module homomorphism in which
M = N, then we call f a module endomorphism (Nicholson, 1976). Here we collect all of the
endomorphisms in a module M over ring R such that we have the set of endomorphisms M over
R denoted by Endi (M) (Lindo, 2017). The endomorphism set is non-empty because at least
there is the identity function as an element of End,(M). Therefore, based on ring theory in
Herstein (1975), by adding two binary operations, i.e., addition and composition function, we
constructed a ring called an endomorphism ring, denoted by (Endgz (M), +,°).

In aring R, a non-empty set I < R that satisfies the axioms of the ring and ri, ir € I for
allr € Rand i € I is called ideal (Davvas, 2006; Jianming & Xueling, 2004). Furthermore, the
special ideal was defined by Dedekind in 1871 based on the properties of prime numbers. The
concept of the prime ideal is known (Kleiner, 1998). Moreover, the prime ideal was discussed
by Khariani et al. (2014), Maulana et al. (2019), and Khairunnisa and Wardhana (2019). In this
paper, we have a special ring, i.e., the endomorphism ring (Endz (M), +,0) where M = Z™ and
R = Z. This research shows the existence of a prime ideal on End;(Z™). We also applied a
characteristic of prime ideal for the prime ideal on End;(Z™). Here we start our discussion
about the prime ideal by giving the fundamental theories of a module over a ring.

Definition 1. (Wahyuni et al., 2016) Let (R, +,") be a ring with unity, (M, +) a commutative
group, and the scalar operation x: R X M — M. A group M is a left R-module if satisfy the
following conditions:

i rpx(my+my) =r *xmy + 1 *m,,
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“ (7'1 +r2) *ml = Tl *m1 +T‘2 *ml,

i, (ry . 1) *my =1 x (rp xmy),

iV. 1R *m1 = ml,

Furthermore, the group M is the right R-module if satisfy the following conditions:

i. (m1 +m2)*7”1 = ml*T'l +m2*7'1,

“ ml*(rl +r2) = m1 *7‘1 +m1 *rz,

ii.my * (ry. 1) = (my x1y) * 1y,

Iv.my x 1z = my,

for all r;, 7, € R and my, m, € M. Furthermore, group M is called an R-module if it is both a
left and right R-module. A group M, as a module over a ring R, can be written by R-module M.

Example 2. Let Z be a ring with unity, Z" = {[a, a, a5 ...a,]|"|a; € Z,i = 1,2,3,...,n} be a
commutative group with a scalar operation - : Z X Z™ — Z™. Group Z" is a module over Z.

Let M, N be modules over R. We can construct a relation between both of them, and we called
it a module homomorphism as follows:

Definition 3. (Dummit and Foote, 2004) Let (M, +,,), (N, +) be modules over ring R with
scalar *,, and xy, respectively. Map f: M — N is called R-module homomorphism if satisfy:

I f(my +y my) = f(my) +y f(m;), and
i f(r *xy my) =7 *y f(my),

forall € Rand m;,m, € M.

Example 4. Let (27Z,+) and (Z", +,) be modules over Z with the scalar operation - and -4,
respectively, and +; is an addition between two vectors in Z™. Defined f: 2Z — Z" by f(2n) =
[2n 4n 6n ... 2n?]T for any 2n € 2Z and [2n 4n 6n ... 2n?]" € Z™. Based on Definition
3, we have that for any 2n, 2m € 2Z, and k € Z, this is satisfy:

i. f2n+ 2m) = f(2n) +, f(2m), and

ii. f(k-2n) =k - f(2n).
By this fact, we have that f is a homomorphism Z-module.

In Definition 3, when M = N, we can call f an R-module M endomorphism. We can
collect all R-module M endomorphisms in a set denoted by Endg(M). This paper will have
some properties of the set of all Z-module Z™ endomorphisms. According to the End;(Z"), we
have the trivial example when we define 9: Z™ — Z", i.e., 9([x; x3 X3 ...x,]7) = [000...0]7
with 9 € Endyz(Z").

For studying this paper, we need to know about the definition of ideal and ideal, which is
generated by an element as follows:

Definition 5. (Adkins & Weintraub, 1992) Let R be a ring and a non-empty set I < R. The set
I called a left ideal on R if it satisfies the following conditions:
i. iy —i, €1,and

i. ri; € 1.

Furthermore, I is called a right ideal on R if it satisfies the following conditions:
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i. il - iz E I
ii. ijr el
forallr e Randi;, i, € M. The set I is called an ideal on R if it is both a left and a right ideal

on R. For all I # R, then [ is called a proper ideal on R. Furthermore, for an ideal whose
elements are only zero elements, it is called a zero ideal, denoted by O.

Definition 6. (Gallian, 2017) Let R be a ring and a € R. Adenoted by alL. =ra|r €R
generates the left ideal on ( ) {R}, and the right one on R is generated by a( )z =
{ar|r € R}. If (a), = (a)g, then (a) is a notation for the ideal on R generated by a.

Based on Definition 6, we have the following example.

Example 7. Let Z be aring and 2 € Z. We have 2Z = {2n|n € Z} as an ideal on Z generated
by 2, denoted by (2).

The property of prime number can be applied for ideal such that we have the following
definition.

Definition 8. (McCoy, 1949) Let R be a ring and P proper ideal on R. Ideal P is called prime
ideal on R, if for all a b € R, with aRb < P,thena € Por b € P.

Example 9. Let Z be a ring, and 2Z proper ideal on Z. Ideal 2Z is prime ideal on Z since, for
all,a b € Z with aZb < 27 always results in a € 2Z or b € 27Z.

In addition to defining the prime ideal, McCoy (1949), in his article, gave the following lemma
relating to the prime ideal.

Lemma 10. (McCOy, 1949) If I an ideal on R and P is a prime ideal on R, then I N P is the
prime ideal on I.

METHODS

To investigate this project, we need to survey relevant topics. The initial step is studying the
concept of the prime ideal in the work of McCoy (1975) and Wahyuni et al. (2016). Next, we
study the application of the prime ideal in particular rings of previous research by Khariani et
al. (2014), Maulana et al. (2019), and Khairunnisa and Wardhana (2019). Then we analyze the
module structure, module homomorphism, module endomorphism, and the endomorphism of
ring Endg (M). This paper determined and chose R = Z and M = Z". The last step is giving an
example of a prime ideal in End;(Z™) and a prime ideal property that apply to it.

RESULTS AND DISCUSSION

The set Endz(Z™) = {f: Z" - Z"|f is a Z — module homomorphism}. For every
la, ay as ...ay]T,[by by by ...b,|]T €Z",  f €Endz(Z") can  be  written as
f(la, a as ...a,]") = [by by bs ...b,]T. Because the codomain entries are integers, the
Greatest Common Divisor (GCD) can be found. For example, if the GCD of each entry in the
codomain is k, that is (b, by, bs,...,b,) =k, then the function f can be written as
f(lay ap az ...a,]™) = klcy ¢y c3 ...c,]T with ¢; = %, i=123,..nand [c; cyCc3...c,]T €
Z™. With this fact, we have the following proposition.
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Proposition 11. Given set Endyz(Z") and f € Endz(Z™) with f([a, a; a3 ...a,]") =
[by by b3 ...b,]T. Element f can be written as f([a; a; as ...a,]") = k[cs ¢ ¢35 ...c,,]T with
ci=2%1=123,..nand k = (by b, by ... by).
For f, g € Endy(Z) with f([a; ay as ...a,]T) = k[c; ¢; 3 ...c,]T and g([a; a; as ...a,]T) =
l[d, d, d5 ...d,,]T, we define that (f o g)([a; a, as ...a,]T) = kl[m; m, m; .. m,]".

It was known that End;(Z") is a non-empty set. Based on ring theory by Gallian (2017)
an Koh (1971), the set Endy(Z™) with the binary operation addition "+" and composition "o"
function can generate a ring called the endomorphism ring of Z-module Z™, denoted by the

endomorphism ring of End;(Z™). Therefore based on Definition 6., an ideal in the ring
Endz(Z™), which is generated by f, can be formed as follows.

Example 12. Given ring Endz(Z™) and f € Endyz(Z"), with f([a; a, as...a,]") =
k[c, c; c5 ...c,]T. The right ideal generated by f, i.e.
(f)r = {feglg € Endz(Z™), g([a; ay az ...an]") = U[xy X x3 ... %]}

= {h|h([a; a, a3 ...a,]") = kl[d, d, d5 ...d,]T}.

Based on Example 12., the prime ideal on Endy;(Z") is explained in the following
proposition.

Proposition 13. Given the ring Endz(Z"), f € Endz(Z™), with f([a, a, as ...a,]") =
klcy ¢y c5 ...cy,]T. If k is a prime number, then
(f)r = {foglg € Endz(Z"), g([a; a; az ...a,]") = l[x; x; x5 ... x,]"}

= {h|h([a1 a2 a3 an]T) = kl[d1 dz d3 dn]T}.
Is prime ideal on Endy;(Z™).

Proof:

We have Endy(Z"™), f € Endz(Z"), with f([a; ay as ...a,]") = k[c; ¢; ¢3 ...c,]T. It will be
shown that if k is the prime number, then (f) is the prime ideal on End;(Z").

Taken 0,y € Endy(Z") with 0([a; ay as ...ay]T) = r[x; x5 x5 ...x,]7,
v([a; ay as ...ay]?) = s[y; y2 y5 .. vu]7, and 8 o Endz(Z™) oy S (f)g. Since "o " it is a
competition function, we get

Endy(Z") oy = {goylg € Endy(Z™),g9([a; az a3 ...ay]") = [[my my m3 ... m,]"}
= {w|lw([a; ay as ...a,]T) = Is[d, d, d5 ...d,,]T}.
Next, we have
° ny . = ° ° g € EndZ(Zn)i g([al a; as "'aTl]T)}
0 0 Endy(27) oy {9 g y| = I[my myms..m,]|"
= {nin(a;s az az ...ay]") = ris[d, d, d; ...d,]"}.

Since 6 o Endz(Z™) oy < (f)g, then ris is a multiple of k, in other words, rls = km, with
m € N. Since s is the GCD of the codomain entries of any function f € End;(Z"), then s is
not always a prime number, so it is not always a multiple of k. Since k is prime, this results in
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r = vk or s = vk for some v € N. This means 8 € (f)g or y € (f)z. Based on Definition 8,
(f)r is aprime ideal in ring End;(Z"). [ ]

Before being given prime ideal property on Endz;(Z™), additional conditions will be given
to Lemma 10. In Lemma 10, no special conditions are given for ideal I and prime ideal P. This
condition has the possibility that I N P = I. Consequently, there is the possibility that the ideal
I NP is not a proper ideal in I. This means that the condition of a prime ideal based on
Definition 8, which must be a proper ideal, is not satisfied. Therefore, given the following
lemma to complete Lemma 10.

Proposition 14. If I ideal on R, P prime ideal on R, and I & P, then I N P prime ideal on I.

Proof:
We have the I ideal on R, P prime ideal on R, and I & P. It will be shown that the I N P prime
ideal on 1.

First, it is necessary to show that I N P is ideal in I. Take any a,b € I NP, and r € I.
Thismeans a,b € I, and a, b € P. Since I and P are ideal in R, then —b € I and —b € P, s0
a—belanda—b € P.Thisshowsthata — b € I n P. Furthermore, because I is ideal, then
ra € 1 or ar € I. So it is proven that I N P is left and right ideal in I. Since I € P, then I N P
is a proper ideal in I. To show that I N P prime ideal in I, take any a,b € I withalb € 1 N P,
It will be shownthata e InPorbelNnP.

Therefore alb < I N P, then aRbRb < alb < P. Therefore aRbRbR < P. Since P is a
prime ideal, then aR € P or bR € P. If aR € P, then aRa < P, since P is a prime ideal, then
a € P. This also applies if bR < P, then b € P. Thereforeitmeansa € INPorb € I N P. SO
that INP is the prime ideal of I. ]

Furthermore, based on Proposition 14, we claim the following proposition as the prime
ideal property on Endy(Z™").

Proposition 15. Given ring End;(Z"™), fi,f, € Endz(Z™) with f,([a; a; as ...a,]") =
kilcy ¢z c3cnl”, f2([ag ap ag ...an]™) = kylcy ¢z 567,

I'=(fi)r, = {foglg € Endz(Z"),g9([a; a, as..an]") =r[x1 x5 x5 ... x,]"}

= {h|h([a1 a, as ... an]T) = klr[bl bz b3 bn]T}, and

P = (fz);ez {f o glg € Endy(Z"), g([a; ay az ...a,]") = s[x; x x3 ..., ]"}

= {h|h([a, ay a5 ...a,]") = k,s[by by b3 ...b,]T}.

For all k; composite numbers, k, prime numbers, and k, not multiples of k,, then I NP is
prime ideal on I.

Proof:
Based on Proposition 13., we have that I is ideal on End;(Z™), but not prime ideal since k, is
a composite number, and P is prime ideal on Endy;(Z™) since k, is a prime number.
Furthermore, since r = ms for m € N, then [ € P. So, based on Lemma 13., I N P is a prime
ideal in I.

|
CONCLUSIONS
The right ideal constructed by any f € Endz(Z™) where f([a;a;asz...a,]") =
klcy ¢y c5...cy], ie., {f)g, is a prime ideal if k prime. If k is a composite number, then (f)
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Is not a prime ideal. Furthermore, the condition for an intersection between an ideal and a prime
ideal in a ring holds that the intersection is a prime ideal in an ideal. It must be an ideal
constituent set, not a subset of a prime ideal forming set. The last result is that the intersection
between the ideals formed by f;([a, ayas...a,]") =kilcicyc3...¢,]7  and
fo([ay ay as ...an]) = kylcq ¢y c3 ... ¢y ]T With k; composite numbers and k, prime, is a prime
ideal on the constructed ideal f;([a; a, az ...a,]") = kq[cy ¢ ¢35 ... ¢, 7.

For extension of our research, we can change f([a; a, as ...a,]") = klc; ¢, ¢5 ...cp]”

a [k 0 0 T
o\ fo k0 o] - |
by 7| |as | P |[ } Then the properties of the diagonal matrix can be used
an l0 0 0 0 kJ Cn

to examine other properties of the ring End;(Z™) and the prime ideal in that ring.
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