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 This paper studies the thermodynamic and magnetic properties of some 

diatomic molecules governed by Scarf and Morse non-central potentials 

under external magnetic and electric fields. The Schrodinger equation with 

Scarf and Morse non-central potentials is solved using Supersymmetric 

WKB quantization conditions to obtain the energy equation and wave 

function. The influence of the magnetic and electric fields on the energy 

eigenvalue was discussed. The results show that energy increases with the 

increasing magnetic field and decreases with the increasing electric field. 

Moreover, the thermodynamic and magnetic properties involving internal 
energy, free energy, specific heat capacity, entropy, magnetization, magnetic 

susceptibility, and persistent current were determined by calculating the 

partition function. The internal energy increases linearly with the increasing 

magnetic field for a given temperature. Meanwhile, the specific heat 

capacity decreases with the increasing magnetic field. We point out that the 

presence of magnetic and electric fields makes the system exhibit 

diamagnetic behavior.                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                               
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INTRODUCTION  

In recent years, the physical properties of 

low-dimensional semiconductor 

nanostructures have attracted much attention 

from many scientists. The low-dimensional 

structures are widely applicable to 

chemistry, physics, and engineering. The 

low-dimensional structures have a unique 

structure, characteristics, and sensitivity to 

external factors such as pressure, 

temperature, magnetic fields, electric fields, 

and impurity states, which has opened up a 

broad branch of interdisciplinary research. 

For example, in electronics, numerous low-

dimensional materials have demonstrated 

superior performance in photodetectors, 

field-effect transistors, and some flexible 

devices (Comtet et al., 1985; Dutt et al., 

1988; Fang et al., 2019; Zeiri et al., 2019). 

In applying photodetectors, the variety of 

low-dimensional materials and properties 

enable wide-spectrum detection from 

ultraviolet to infrared, which provides a 

potential option for photodetectors under 

different conditions.  

The low-dimensional materials provide 

unparalleled advantages for flexible 

electronic devices due to their high 

performance and mechanical stability. 

Moreover, low-dimensional materials have 

good application prospects in 

optoelectronics because of the change of 

carrier transport caused by surface defects 

and size and the good optoelectric properties 

of the materials themselves. Also, it has to 

be noted that some low-dimensional 

materials are sensitive to deformation 

(Peleshchak et al., 2020), making them 

https://ejournal.radenintan.ac.id/index.php/al-biruni/index
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useful as mechanical strain sensors for 

studying and controlling the characteristics 

of nanomaterials (Li et al., 2019; Lin et al., 

2013; Xiao et al., 2016). There are several 

techniques to fabricate nanostructures, such 

as droplet epitaxy, chemical vapor 

deposition, molecular-beam epitaxy, and 

lithography (Fuhrmann et al., 2005; Soopy 

et al., 2021; Wang et al., 2008). The 

techniques can produce structures of 

different geometries, including spherical, 

cylindrical, double-quantum rings, 

rectangular, and single-quantum rings 

(Mano et al., 2005). 

Statistical physics can be used to study 

the physical properties of a system because 

it can interpret and forecast thermodynamic 

properties in systems made up of numerous 

particles as well as several phenomena of 

matter using the statistical average of 

dynamic amounts over a particular number 

of particles (Ortega & Hernandez, 2018). 

Several thermodynamic and magnetic 

properties involving heat capacity, free 

energy, entropy, magnetic susceptibility, 

magnetization, and internal energy reveal 

some significant properties of a molecule 

that are highly relevant to applications in 

photonics, micro-electronics, and 

biomedicine (Ikot et al., 2019; Jiang et al., 

2019; Khosla et al., 2023; Okorie, Ikot, et 

al., 2020). The reason is that the 

thermodynamic properties provide insights 

into the arrangement and how particles are 

distributed throughout the nanomaterial (Jia 

et al., 2019; Jia et al., 2017). It is crucial in 

characterizing the thermal behavior, the 

energy distribution, the heat transfer 

mechanisms, and determining their phase 

transitions, stability, and equilibrium states 

(Khosla et al., 2023). 

Investigating the thermodynamic and 

magnetic properties of the system is 

particularly interesting. We must solve the 

Schrodinger equation that closely 

approximates the real information on the 

evolution of the above systems (Jia et al., 

2017). The Schrodinger equation has been 

modeled using various potentials to explain 

the physical systems. Omar has solved the 

PDM Schrodinger equation with Yukawa 

plus Kratzer potential, known as the 

confinement potential type commonly used 

in the spectroscopy of diatomic molecules 

(Omar Mustafa, 2020). Here is the 

expression of the PDM Schrodinger 

equation:  

 

[
�̂�(𝑟)−𝑒�⃗�(𝑟)

√𝑚(𝑟)
+𝑊(𝑟)]𝜓(𝑟) =

𝐸𝜓(𝑟);  𝑊(𝑟) = 𝑒𝜑(𝑟) + 𝑉(𝑟)  
 

Further, the Schrodinger with Eckart 

potential, which is a diatomic molecular 

potential model has also been investigated to 

determine thermodynamic stability (Onate et 

al., 2018), Faniandari et al. (2023) studied 

the thermomagnetic properties of diatomic 

molecule for exponential potential which is 

suitable to describe how diatomic molecules 

behave and interact, and other potentials 

(Dong et al., 2018; Okon et al., 2017) have 

been applied in the Schrodinger equation 

and obtained the exact solutions by using 

different methods such as the 

hypergeometric method (Dianawati et al., 

2019), Nikiforov-Uvarov method (Assi et 

al., 2018; Hassanabadi, Maghsoodi, et al., 

2018), Lie algebraic method (Hassanabadi, 

Chung, et al., 2018), Asymptotic Iteration 

Method (AIM) (Faniandari et al., 2023), and 

Supersymmetric Quantum Mechanics 

method (Suparmi et al., 2020). In a diatomic 

molecule, the Morse potential provides an 

excellent qualitative representation of the 

interaction between two atoms (Morse, 

1929). This potential is one of the most 

successful and convenient models for 

explaining diatomic molecules' rotational 

and vibrational structure (Rosen & Morse, 

1932). Another potential that plays an 

essential role in different disciplines of 

physics, from electrodynamics to particle 

theory, is the Scarf potential. Scarf potential 

admits beautiful formulations for discrete 

eigenvalues (Dabrowaska et al., 1988; 

Gendenshtien, 1983; Houtot, 1973). This 

potential has contributed immensely to 
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supersymmetric quantum mechanics, group 

theory, and quantum mechanical studies. 

More accurate periodic potential in crystals 

can be created with the Scarf potential than 

the trigonometric Scarf one (Levai, 1994). 

Scarf is discussed as a problem of non-

central potentials in electrodynamics (Li & 

Kusnezov, 1999). In particles, Scarf appears 

in the application of the nonperturbative 

sector of gauge theories (Li & Kusnezov, 

1999).  

Supersymmetric quantum mechanics 

(SUSY-QM) is one of the most recent and 

powerful methods of solving the 

Schrodinger equation (Castillo & 

Kirchbach, 2007). SUSYQM was initially 

proposed as a model for understanding 

SUSY breaking in nature. However, it 

started to walk alone as a helpful tool in 

nonrelativistic quantum mechanics. Based 

on the supersymmetry field, SUSYQM 

theory provides a direct method for the 

precise solution of the Schrodinger equation. 

It allows one to calculate the eigenvalues 

and eigenfunctions analytically using the 

algebraic operator formulation for the 

solvable potentials model without solving 

the Schrodinger-like differential equation 

via the standard series method. The key is to 

identify the superpotential of the solvable 

potential and then calculate the 

corresponding shape invariance.  

The energy eigenvalues can be obtained 

according to the superpotential, and the 

wave functions can be obtained by lowering 

and raising SUSY operators (Suparmi & 

Cari, 2014). Therefore, it is very simple to 

solve the Schrodinger equation using 

SUSYQM. Inspired by the semiclassical 

WKB quantization condition, the modified 

semiclassical WKB quantization condition 

was constructed for SUSY Hamiltonian H- 

(Comtet et al., 1985). Surprisingly, the 

modified semiclassical WKB quantization 

condition provides exact bound state energy 

spectra for a class of shape-invariant 

potentials, which is compared to the WKB 

quantization condition that has to be 

supplemented by Langer-like correction 

(Comtet et al., 1985; Gangopadhyaya et al., 

2021). The modified semiclassical 

quantization condition is then named the 

SWKB quantization condition. It has been 

discovered to provide better accuracy results 

than the WKB quantization condition for 

many problems and be exact for all shape-

invariant potentials. For shape-invariant 

potentials, the SWKB quantization 

condition is exact not only for the ground 

state (exact by construction) and for large 𝑛 

(as any correct semiclassical result should 

be) but also for all intermediates 𝑛 (Yin et 

al., 2010).  

Many authors have used SUSY-QM to 

investigate the Schrodinger equation with 

various potentials. Suparmi et al. (Suparmi 

et al., 2020) used SUSYQM to obtain the 

solution of the Schrodinger equation for 

modified Woods–Saxon and Eckart 

potentials in toroidal coordinates. Abu-

Shady and Ikot applied the SUSYQM 

method to solve the multi-dimensional 

Schrodinger equation with the heavy-

quarkonia potential (Abu-Shady & Ikot, 

2019). The Schrodinger equation for the 

Manning-Rosen plus Hulthen potential has 

been solved by Ahmadov et al. using 

SUSYQM to obtain the energy levels 

(Ahmadov et al., 2018). Considering the 

above reasons, in this work, we use the 

analytical approximation of the SWKB 

quantization condition to solve the 

Schrodinger equation with Scarf and Morse 

non-central potentials. The energy 

eigenvalue is determined analytically using 

the approximation of the SWKB 

quantization condition, but exceptionally, it 

yields the exact result. The wave function is 

determined using the SUSY operator. The 

bound state energy equation is applied to 

obtain the partition function used to analyze 

diatomic molecules' thermodynamic and 

magnetic properties. 

The thermodynamic and magnetic 

properties are closely related to the study of 

magnetocaloric properties, defined as the 

variation of temperature of a material in 

reaction to a changing magnetic field 
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(Biswas et al., 2019; Castro et al., 2020). 

This effect was found by Warburg in 1881 

by applying a magnetic field to the Fe 

molecule (Warburg, 1881). The 

magnetocaloric properties attract the 

attention of researchers since they are 

defined as the intrinsic property of magnetic 

materials under the influence of a magnetic 

field, which is expressed by a change in 

temperature (Zhang et al., 2016; Zhang, 

2016). Gschneidner, Pecharsky, and Tsokol 

(Gschneidner et al., 2005) studied the effect 

of magnetocaloric and described the 

reversible change in temperature of material 

under adiabatic conditions produced by the 

magnetic entropy change due to the 

variation in an applied magnetic field.   

Nowadays, the study of thermodynamic 

and magnetic properties is broadened to the 

system influenced by an external magnetic 

field. Edet (Edet et al., 2022) has studied the 

magnetic properties of LiH diatomic 

molecules in the system under the influence 

of the magnetic and Aharonov-Bohm fields. 

The presence of external fields has 

significantly impacted quantum mechanics 

since it affects the behavior of the energy 

spectra of a system (Edet & Ikot, 2021), 

typically by creating shifts or removing 

degeneracy. In the other work, Rastegar 

Sedehi and Khordad (Sedehi & Khordad, 

2021) investigated the magnetic properties 

of tuned quantum dot/ring systems. 

Regarding the previous work, the 

Schrodinger equation with several diatomic 

molecular potential models has been 

investigated by many authors to study the 

energy levels of particles (involving a 

diatomic molecule) and their 

thermodynamic functions. They employed 

the hypergeometric method, the NU method, 

and AIM to solve the Schrodinger equation 

analytically. In the current work, the 

Schrodinger equation under external 

magnetic and electric fields with the Scarf 

and Morse non-central potentials will be 

solved using the SUSY method to obtain the 

energy levels, followed by determining the 

thermodynamic and magnetic properties of 

H2, LiH, and HCl diatomic molecules. 

These three different diatomic molecules 

were chosen because they are currently 

widely researched regarding the various 

benefits they have, including research on H2 

as a new energy source (Pareek et al., 2020), 

LiH as an H2 storage material and conductor 

Li+ ions (Banger et al., 2018), and HF, 

which is very useful in chemical and 

biological applications since it is a stable 

species in certain conditions (Orabi & 

Faraldo-Gómez, 2020). 

Based on the above points, this paper 

aims to analyze the thermodynamic and 

magnetic properties of the combined system 

of the Scarf and Morse non-central 

potentials under external magnetic and 

electric fields. The energy spectra and the 

thermodynamic and magnetic properties of 

H2, LiH, and HCl diatomic molecules were 

investigated. In section 1, we present the 

introduction; in section 2, we discuss the 

Scarf and Morse non-central effective 

potentials; and in the third section, the basic 

theory of SUSY-QM is discussed. The 

Schrodinger equation with the Scarf and 

Morse non-central potentials in the presence 

of external magnetic and electric fields is 

solved using the SWKB quantization 

condition, followed by an analysis of the 

thermodynamic and magnetic properties of 

the system discussed in the fourth section. 

The last section is the conclusion. 

 

THEORY AND METHODS  

We consider an electron confined in the 

Scarf and Morse non-central potentials 

under magnetic field perturbation. The 

Hamiltonian of the system is given by (Bala 

et al., 2017; Solaimani, 2021; Vicente et al., 

2021): 

𝐻 =
(𝑃+𝑒𝐴)2

2𝑀
+ 𝑉(𝑟, 𝜃, 𝑧) − 𝑒𝐹𝑟      (1) 

Where M is the effective mass of the 

electron, in cylindrical coordinates,  𝜃  is the 

angle between the z axes and 𝑟 vector, 

shown in Figure 1,  𝑟𝑠𝑖𝑛 𝜃 = 𝜌, 𝑟𝑐𝑜𝑠 𝜃 = 𝑧,  

and 𝜌 is the radius of the cylinder cross-

section. F is the electric field in the z-

direction, and the magnetic field's vector 
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potential, 𝐴 = (
𝐵𝜌

2
) �̂�0, is taken in the 

symmetric gauge. The 𝑉 in equation (1) is 

the confinement potential, which is 

expressed as (Nikiforov & Uvarov, 1988): 

 

𝑉(𝑟, 𝜃, 𝑧) = 𝑉𝑐1(𝑟, 𝜃) + 𝑉𝑐2(𝑧)      (2) 

 

Where: 

 

𝑉𝑐1 =
ℏ2

2𝑀
(

𝐶

𝑟2𝑠𝑖𝑛22𝜃
+

𝐷𝑐𝑜𝑠2𝜃

𝑟2𝑠𝑖𝑛22𝜃
) =

ℏ2

2𝑀
(
𝐶+𝐷

4𝜌2
+

𝐶−𝐷

4𝑧2
)  (3) 

 

And 𝑉𝑐2 is Morse potential in z-direction 

given as: 

 

𝑉𝑐2(𝑧) =
ℏ2

2𝑀
(−2𝐷𝑒𝑒

−𝛼(𝑧−𝑧0) +

𝐷𝑒𝑒
−2𝛼(𝑧−𝑧0))    (4) 

 

Where 𝐷𝑒 is the dissociation energy, the 

parameter 𝛼 represents the potential width, 

𝑧0 is the equilibrium internuclear distance, 

and C and D are two potential parameters. 

The Schrodinger equation that is 

influenced by a uniform magnetic field and 

electric field in the z-direction given in 

equation (1) with confinement potential 𝑉 =
𝑉𝑐1(𝜌, 𝑧) + 𝑉𝑐2(𝑧) given in equations (2) is 

rewritten as: 

 

{(𝑝2 +
𝑒

𝑐
𝑝 ̅. �̅� +

𝑒

𝑐
�̅�. �̅� + (

𝑒

𝑐
�̅�)

2

) +

2𝑀(𝑉𝑐1(𝜌, 𝑧) + 𝑉𝑐2(𝑧)  − 𝐸 −

𝑒𝐹𝑧)}  Ψ(𝜌,𝜑, 𝑧) = 0  (5) 

 

With:  

 

𝑝2 = −ℏ2Δ; ∆=
1

𝜌

𝑑

𝑑𝜌
(𝜌

𝑑

𝑑𝜌
) +

1

𝜌2
𝑑2

𝑑𝜑2
+

𝑑2

𝑑𝑧2
; 

∇= �̂�0
𝑑

𝑑𝜌
+

�̂�0

𝜌

𝑑

𝑑𝜑
+ �̂�0

𝑑

𝑑𝑧
   (6) 

 

By using equations (3)-(6) the Schrodinger 

equation in equation (5) becomes: 

 

{(−ℏ2 (
1

𝜌

𝑑

𝑑𝜌
(𝜌

𝑑

𝑑𝜌
) +

1

𝜌2
𝑑2

𝑑𝜑2
+

𝑑2

𝑑𝑧2
) −

2𝑖
𝑒ℏ

𝑐
((

𝐵𝜌

2
))

1

𝜌

𝑑

𝑑𝜑
+ (

𝑒

𝑐
(
𝐵𝜌

2
))

2

) +

2𝑀 (
ℏ2

2𝑀
(−2𝐷𝑒𝑒

−𝛼(𝑧−𝑧0) + 𝐷𝑒𝑒
−2𝛼(𝑧−𝑧0)) +

ℏ2

2𝑀
(
𝐶+𝐷

4𝜌2
+

𝐶−𝐷

4𝑧2
) − 𝐸 −

𝑒𝐹𝑧)}𝑔(𝜌)𝜒(𝑧)𝑒𝑖𝑚𝜑 = 0  (7) 

By substituting the wave function 

Ψ(𝜌,𝜑, 𝑧) = 𝑔(𝜌)𝜒(𝑧)𝑒𝑖𝑚𝜑, the 

Schrodinger equation can be resolved (Okon 

et al., 2022), where 𝑚 = 0,±1,±2,… ,±𝑙 is 

the magnetic quantum number, and 𝑙 is the 

angular momentum quantum number. 

 

 
Figure 1. Cylindrical Coordinate 

 

The radial equation can also be further 

simplified to 𝑔(𝜌) =
𝑓𝑚𝑛

√𝜌
. Then equation (7) 

is simplified as: 

 

{(−ℏ2 (𝜒(𝑧)𝑒𝑖𝑚𝜑
1

𝜌

𝑑

𝑑𝜌
(𝜌

𝑑
𝑓𝑚𝑛

√𝜌

𝑑𝜌
) +

𝑓𝑚𝑛

√𝜌
𝜒(𝑧)

1

𝜌2
𝑑2𝑒𝑖𝑚𝜑

𝑑𝜑2
+

𝑓𝑚𝑛

√𝜌
𝑒𝑖𝑚𝜑

𝑑2𝜒(𝑧)

𝑑𝑧2
) −
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2𝑖
𝑒ℏ

𝑐

𝑓𝑚𝑛

√𝜌
𝜒(𝑧) ((

𝐵𝜌

2
))

1

𝜌

𝑑𝑒𝑖𝑚𝜑

𝑑𝜑
) +

[(
𝑒

𝑐
(
𝐵𝜌

2
))

2

+ 2𝑀(𝑉𝑐1(𝜌, 𝑧) + 𝑉𝑐2(𝑧) − 𝐸 −

𝑒𝐹𝑧)]
𝑓𝑚𝑛

√𝜌
𝜒(𝑧)𝑒𝑖𝑚𝜑} = 0  (8) 

 

At this point, the eigenvalue and 

eigenfunction in equation (8) will have their 

“spectral signatures” on the overall spectra 

within the three-dimensional cylindrical 

settings (Okon & al., 2022). So we are 

interested only in the radial part and z part 

of the Schrodinger equation, which can 

result from equation (8) as follows: 

 

−
1

𝑓𝑚𝑛
(𝑓𝑚𝑛

′′ + (
1

4
−𝑚2)

𝑓𝑚𝑛

𝜌2
) +

2
𝑚𝑒

ℏ𝑐
((

𝐵𝜌

2
))

1

𝜌
+ [

1

ℏ2
(
𝑒

𝑐
(
𝐵𝜌

2
))

2

+

2𝑀

ℏ2
(𝑉𝑐1(𝜌) − 𝐸𝜌)] = 0  (9) 

 
1

𝜒(𝑧)

𝑑2𝜒(𝑧)

𝑑𝑧2
−

2𝑀

ℏ2
(𝑉𝑐1(𝑧) + 𝑉𝑐2(𝑧) − 𝐸𝑧 −

𝑒𝐹𝑧) = 0     (10) 

 

The radial Schrodinger equation in equation 

(9) can be simplified mathematically into: 

 

𝑓𝑚𝑛
′′ − [

𝑒2𝐵2

4ℏ2𝑐2
𝜌2 +

2𝑀

ℏ2
(
𝐶+𝐷−(1−4𝑚2)ℏ2/2𝑀

4𝜌2
)] 𝑓𝑚𝑛 +

(
2𝑀

ℏ2
𝐸𝜌 −

𝑚𝑒𝐵

2ℏ𝑐
) 𝑓𝑚𝑛 = 0   (11) 

 

with the radial effective potential given as: 

 

𝑉𝑒𝑓𝑓(𝜌) = {
𝐶+𝐷

4
−

ℏ2

2𝑀
(
1

4
−𝑚2)}

1

𝜌2
+

𝑒2

2M𝑐2
𝐵2𝜌2

4
  (12) 

 

And: 

 

𝐸′𝜌 = 𝐸𝜌 −
𝑚𝑒𝐵

2ℏ𝑐

ℏ2

2𝑀
  (13) 

 

Meanwhile, the z part of the Schrodinger 

equation obtained from equation (10) is 

rewritten as: 

 
𝑑2𝜒(𝑧)

𝑑𝑧2
−

2𝑀

ℏ2
(
𝐶−𝐷

4𝑧2
− 2𝐷𝑒𝑒

−𝛼𝑧(𝑧−𝑧0) +

𝐷𝑒𝑒
−2𝛼𝑧(𝑧−𝑧0) − 𝑒𝐹𝑧)𝜒(𝑧) +

2𝑀𝐸𝑧

ℏ2
𝜒(𝑧) =

0  (14) 

 

with the effective potentials in the z-

direction given as: 

 

𝑉𝑒𝑓𝑓(𝑧) =
𝐶−𝐷

4𝑧2
− 2𝐷𝑒𝑒

−𝛼𝑧(𝑧−𝑧0) +

𝐷𝑒𝑒
−2𝛼𝑧(𝑧−𝑧0) − 𝑒𝐹𝑧   (15) 

 

The Scarf and Morse potentials with 

𝑧 = 0 are not exactly solvable; 

consequently, our numerical results can't be 

checked against the exact ones. Despite that, 

some recent numerical and perturbative 

works have been reported (Ikhdair & 

Falaye, 2013; Ikhdair & Hamzani, 2012). 

The most widely used approximation, which 

is based on the expansion of the centrifugal 

term 𝑙(𝑙 + 1)𝑧−2 in a series of exponential 

terms around the equilibrium inter-nuclear 

position 𝑧 = 𝑧0(𝜌 = 0) of the Morse 

oscillator potential by keeping terms up to 

second order 𝑧 = 𝑧0 (i. e. at low excitation 

energy, where 𝑧 ≈ 𝑧0), it was proposed by 

(Pekeris, 1934). The Pekeris approximation 

is truncated at the quartic term and is 

primarily based on expanding powers of 

exponential functions. The following 

exponential form can be used instead of the 

centrifugal term: 

 
1

𝑧2
= 𝐷0 +𝐷1𝑒

−𝛽′𝑥 +𝐷2𝑒
−2𝛽′𝑥   (16) 

 

Which can be expanded around the 

minimum point 𝑧 ≈ 𝑧0or (𝑥 = 0) only up to 

the second order as: 

 
1

𝑧2
= 𝐷0 +𝐷1 +𝐷2 −

𝛽′

4
(𝐷1 +𝐷2)𝑥 +

𝛽′
2

16
𝐷2𝑥

2 −⋯  (17) 

 



Jurnal ilmiah pendidikan fisika Al-Biruni, 12 (2) (2023) 167-193 173 

 

It only approximates the lower-excitation 

rotation energy states well, but since there 

are large inter-atomic separations, it will be 

hard to describe the higher-excitation 

rotation energy states (Okorie & Ibekwe, 

2018). The expression of centrifugal term 
1

𝑧2
 

can also be expanded around 𝑥 = 0 up to the 

second-order term (Ikhdair & Falaye, 2013): 

 
1

𝑧2
=

1

𝑧0
2
(1 − 2𝑥 + 3𝑥2 −⋯)  (18) 

 

Comparing equations (17) and (18), the 

constant parameters for the Scarf and Morse 

potentials determined by: 

 

𝐷0 = 1 −
3

𝛼𝑧𝑧0
+

3

𝛼𝑧
3𝑧0

2 = 1 −
3

𝛽′
+

3

𝛽′2
      (19a) 

 

𝐷1 =
4

𝛼𝑧𝑧0
−

6

𝛼𝑧
3𝑧0

2 =
4

𝛽′
−

6

𝛽′2
       (19b) 

 

𝐷2 = −
1

𝛼𝑧𝑧0
+

3

𝛼𝑧
3𝑧0

2 = −
1

𝛽′
+

3

𝛽′2
       (19c) 

 

With: 

 

𝑥 =
(𝑧−𝑧0)

𝑧0
,   𝛽′ = 𝛼𝑧𝑧0,  𝑧 =

1

𝛼𝑧
+ 𝑧0 −

𝑒−𝛼𝑧(𝑧−𝑧0)

𝛼𝑧
 (20) 

 

The Schrodinger equation in z-direction 

obtained from equations (15)-(20), such 

that: 

 
𝑑2𝜒(𝑧)

𝑑𝑧2
−

2𝑀

ℏ2
(−(2𝐷𝑒 −

(𝐶−𝐷)𝐷1

4
+

𝑒𝐹

𝛼𝑧
) 𝑒−𝛼𝑧(𝑧𝑧−𝑧0) + (𝐷𝑒 +

(𝐶−𝐷)𝐷2

4
) 𝑒−2𝛼𝑧(𝑧−𝑧0)) 𝜒(𝑧) +

2𝑀

ℏ2
(𝐸𝑧 −

(𝐶−𝐷)𝐷0

4
+

𝑒𝐹

𝛼𝑧
+ 𝑒𝐹𝑧0) 𝜒(𝑧) = 0  (21) 

 

To simplify equation (21), we have defined 

the dimensionless parameters as follows: 

 

𝑇 = −(2𝐷𝑒 −
(𝐶−𝐷)𝐷1

4
−

𝑒𝐹

𝛼𝑧
) 𝑒𝛼𝑧(𝑧0),  𝐴 =

(𝐷𝑒 +
(𝐶−𝐷)𝐷2

4
) 𝑒2𝛼𝑧(𝑧0) (22) 

 

𝐸𝑧
′ = 𝐸𝑧 −

(𝐶−𝐷)𝐷0

4
+

𝑒𝐹

𝛼𝑧
+ 𝑒𝐹𝑧0              (23) 

 

Then, the effective Morse-like potential in 

equation (15) reduces as: 

 

𝑉(𝑧) = 𝐴𝑒−2𝛼𝑧𝑧 + 𝑇𝑒−𝛼𝑧𝑧   (24) 

The energy eigenvalue in 𝜌 and z 

directions are determined using the SWKB 

quantization condition, and the associated 

wave functions are obtained using SUSY 

operators. 

 

1. Supersymmetry Quantum Mechanics 

(SUSY-QM) 

In 1981, Witten proposed 

Supersymmetric Quantum Mechanics 

(SUSY-QM) as a model of one-dimensional 

field theory in his pioneering work (Witten, 

1981) to comprehend how Supersymmetry 

has been broken in nature. SUSY was 

anticipated to be broken in nature since no 

evidence has been reported so far for the 

existence of particles predicted by 

supersymmetric schemes. If SUSY was 

physically meaningful, the symmetry was 

broken. The key players in SUSY-QM are 

supercharged operators, which the SUSY 

Hamiltonian may express. Even though 

SUSY-QM was initially developed as a 

model for comprehending SUSY breaking, 

it has since begun to stand independently, 

irrespective of its original purpose, as a 

helpful tool of nonrelativistic quantum 

mechanics. 

The application of SUSY to 

nonrelativistic quantum mechanics has 

resulted in a better understanding of exactly 

solvable potential (Dutt et al., 1988; 

Sukumar, 1985), simplifying the resolution 

of the system of Ricatti equation, modified 

WKB approximation, and so on. In 

particular, inspired by the semiclassical 

WKB quantization condition formula, a 

modified semiclassical WKB quantization 

condition that was constructed by using 

SUSY Hamiltonian H was proposed by 

Comtet, Bandrouk, and Campbell (CBC) 
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has brought an impact on the study of 

quantum mechanics. The SWKB (CBC) 

quantization condition formula provides 

exact bound state energy spectra for the 

class of shape-invariant potentials; this 

contrasts with standard WKB quantization, 

which a Langer-like ad hoc correction must 

supplement to get the same spectra. A 

supersymmetry quantum system, as defined 

by Witten, has supercharge operators Qi, 

which commute with the Hamiltonian Hss 

(Witten, 1981) and is denoted as: 

 
[𝑄𝑖, 𝐻𝑆𝑆] = 0  with, 𝑖 = 1, 2, 3,… , 𝑁 (25) 

And they obey to anti commutation algebra: 

 

{𝑄𝑖,𝑄𝑗} =  𝛿𝑖𝑗𝐻𝑠𝑠 (26) 

with ssH   is referred to supersymmetric 

Hamiltonian. According to Witten, the 

simplest SUSY-QM system has N=2, where 

the supercharge operators are expressed as: 

 

𝑄1 = 
1

√2
(𝜎1

𝑝

√2𝑚
+ 𝜎2ϕ(𝑥)) and  𝑄2 =

 
1

√2
(𝜎2

𝑝

√2𝑚
− 𝜎1𝜙(𝑥)) (27) 

Where 𝜎𝑖 is the usual Pauli spin matrices, 

𝑝 = −𝑖ℏ
𝑑

𝑑𝑥
 is the usual momentum 

operator, and 𝜙(𝑥) is superpotential. By 

applying Pauli matrices, which are given as: 

 

𝜎𝑥 = 𝜎1 = (
0 1
1 0

), 𝜎𝑦 = 𝜎2 = (
0 −𝑖
𝑖 0

)(28) 

 

Then, from equations (27)-(28), we have: 

𝑄1 =
1

√2
(

0
𝑝

√2𝑚
− 𝑖ϕ(𝑥)

𝑝

√2𝑚
+ 𝑖ϕ(𝑥) 0

)  (29) 

𝑄1
2 =

1

√2

(

 
 
 
 
 
 
 

{
 
 

 
 (

𝑝

√2𝑚
)
2

+

(𝑖
𝑝

√2𝑚
ϕ(𝑥))

+ϕ2(𝑥) }
 
 

 
 

0

0

{
 
 

 
 (

𝑝

√2𝑚
)
2

−

(𝑖
𝑝

√2𝑚
ϕ(𝑥))

+ϕ2(𝑥) }
 
 

 
 

 

)

 
 
 
 
 
 
 

(30) 

and 

𝑄2 =
1

√2
(

0 −𝑖
𝑝

√2𝑚
−ϕ(𝑥)

𝑖
𝑝

√2𝑚
− 𝑖ϕ(𝑥) 0

)  (31) 

𝑄2
2 =

1

2

(

 
 
 
 
 
 
 

{
 
 

 
 (

𝑝

√2𝑚
)
2

+

(𝑖
𝑝

√2𝑚
ϕ(𝑥))

+ϕ2(𝑥) }
 
 

 
 

0

0

{
 
 

 
 (

𝑝

√2𝑚
)
2

−

(𝑖
𝑝

√2𝑚
ϕ(𝑥))

+ϕ2(𝑥) }
 
 

 
 

 

)

 
 
 
 
 
 
 

  (32)  

 

From equations (30) and (32), we obtain the 

SUSY Hamiltonian given as: 

𝐻𝑠𝑠 = 2𝑄1
2 = 2𝑄2

2 =

(

 
 
 
 {

−
ℏ2

2𝑚

𝑑2

𝑑𝑥2
+

ℏ

√2𝑚

𝑑𝜙(𝑥)

𝑑𝑥
+ 𝜙2(𝑥)

} 0

0 {
−

ℏ2

2𝑚

𝑑2

𝑑𝑥2
−

ℏ

√2𝑚

𝑑𝜙(𝑥)

𝑑𝑥
+ 𝜙2(𝑥)

}

)

 
 
 
 

 

 (33) 

𝐻𝑠𝑠 = (
𝐻+ 0
0 𝐻−

) 

With:     

 

𝐻− = −
ℏ2

2𝑚

𝑑2

𝑑𝑥2
+ 𝑉−(𝑥)  for 𝑉−(𝑥) =

𝜙2(𝑥) −
ћ

√2𝑚
𝜙′(𝑥) (34) 
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And: 

                          

𝐻+ = −
ℏ2

2𝑚

𝑑2

𝑑𝑥2
+ 𝑉+(𝑥) for  𝑉+ (𝑥) =

𝜙2(𝑥) + 
ћ

√2𝑚
𝜙′(𝑥) (35) 

Here, 𝐻− and 𝐻+ are supersymmetry 

partners of the Hamiltonian, and 𝑉−(𝑥) and 

𝑉+ (𝑥) are the supersymmetry partner 

potential. The new operators are presented 

as follows to ease the determination of the 

wave functions: 

 

𝐴+ = −
ћ

√2𝑚

𝑑

𝑑𝑥
 +  𝜙(𝑥)

     

and  𝐴 =

ћ

√2𝑚

𝑑

𝑑𝑥
 +  𝜙(𝑥) (36) 

 

𝐴+ is the raising operator, and 𝐴 is the 

lowering operator. By simple mathematical 

manipulation from equations (34)-(36), we 

get: 

 

𝐻− = 𝐴+𝐴, and 𝐻+ = 𝐴𝐴+ (37) 

 

For a system with good symmetry, the 

lowering operator annihilates the ground 

state wave function therefore 

(Gangopadhyaya et al., 2021): 

 

𝐴𝜓0
(−)

= 0 (38) 

Subsequently, the excited wave function, 

𝜓1
−(𝑥; 𝑎0), 𝜓2

−(𝑥; 𝑎0), …, (𝜓𝑛
−(𝑥; 𝑎0)) of 

𝐻− are obtained by using a raising operator 

operated to the lower wave function, given 

as: 

 

𝜓𝑛
−(𝑥; 𝑎0)  ≈

𝐴+(𝑥; 𝑎0)𝐴
+(𝑥; 𝑎1)…𝐴

+(𝑥; 𝑎𝑛−1)𝜓0
(−)(𝑥; 𝑎𝑛)

 (39) 

which is a generalization of the operator 

method for the one-dimensional harmonic 

oscillator potential. The wave function can 

be obtained from equations (36) and (37). It 

is always possible to factorize the usual 

Hamiltonian as: 

  

𝐻 = 𝐻− + 𝐸0 = −
ħ2

2𝑚

𝑑2

𝑑𝑥2
+ 𝑉−(𝑥; 𝑎0) +

𝐸0 (40) 

From equations (34) and (40), we get: 

 

𝑉(𝑥) = 𝑉−(𝑥; 𝑎0) + 𝐸0 = 𝜙2(𝑥, 𝑎0) −

 
ħ

√2𝑚
𝜙′(𝑥, 𝑎0) + 𝐸0 (41) 

Where 𝑉(𝑥) is the effective potential, while 

superpotential 𝜙(𝑥) is determined 

hypothetically from equation (41), which is 

based on the shape of the effective potential 

of the system; after obtaining the 

superpotential from equation (41), then, we 

obtain the SUSY Hamiltonian and its 

effective potential of 𝐻−.  

Inspired by the construction of the 

semiclassical WKB quantization condition, 

we obtain the SWKB quantization condition 

for the Supersymmetric Hamiltonian 𝐻− as 

follows: 

 

∫ [2𝑚 {𝐸𝑛
( − )

− 𝜙2 (𝑥) +
𝑏

𝑎

ℏ

√2𝑚
𝜙′(𝑥)}]

1/2

 𝑑𝑥 = (𝑛 +
1

2
)𝜋ℏ     (42)  

 

By expanding the left side of equation (42) 

in the power of ℏ we have (Ikhdair & 

Hamzani, 2012): 

 

∫ [2𝑚{𝐸𝑛
(−)

− 𝜙2(𝑥)}]
1/2

𝑑𝑥 +
𝑏

𝑎
ℏ

2
  ∫

𝑑𝜙

{𝐸𝑛
(−)

−𝜙2(𝑥)}
1/2

𝑏

𝑎
 = (𝑛 +

1

2
 )𝜋ℏ    (43)  

 

Since the first term of equation (43) has the 

condition where −𝜙(𝑎) = 𝜙(𝑏) = √𝐸𝑛
(−)

, 

then, 
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ℏ

2
 ∫

𝑑𝜙

{𝐸𝑛
(−)

−𝜙2(𝑥)}
1/2 = 

ℏ

2
 {𝑠𝑖𝑛−1

𝜙(𝑏)

(𝐸𝑛
(−)

)
1/2 −

𝑏

𝑎

 𝑠𝑖𝑛−1
𝜙(𝑎)

(𝐸𝑛
(−)

)
1/2 } =

1

2
ℏ𝜋        (44)  

 

Equation (44) is inserted into equation (43) 

to yield the SWKB quantization condition 

as:  

 

 ∫ {2𝑚[𝐸𝑛
(−)

−𝜙2(𝑥)]}
1/2

 𝑑𝑥 = 𝑛𝜋ℏ
𝑏

𝑎
    (45)  

 

In equation (45), if n = 0, then 𝐸0
(−)

= 0, 

the two turning points coincide; therefore, 

SWKB is exact by construction. 

 

RESULTS AND DISCUSSION 
 

1. The Energy of the Scarf and Morse 

Non-central Potentials in the Presence 

of the External Magnetic and Electric 

Field 

To obtain the energy eigenvalue of the 

system with the Scarf non-central and Morse 

potentials, the ground state energy and the 

superpotential in the z-direction are 

obtainable from equations (24) and (41). 

Equation (41) is rewritten as:  

 

𝑉𝑒𝑓𝑓 = 𝜙2 −
ℏ

√2𝑀
𝜙′ + 𝐸0

′      (46) 

 

By applying the effective Morse potential in 

equation (24), the superpotential in the z 

direction is given as: 

 

𝜙(𝑧) = −√𝐴𝑒−𝛼𝑧𝑧 + (
𝑇

2√𝐴
−

ℏ𝛼𝑧

2√2𝑀
)     (47) 

 

Its ground state energy is given as: 

 

𝐸0𝑧
′ = −(

𝑇

2√𝐴
−

ℏ𝛼𝑧

2√2𝑀
)
2

   (48) 

 

The z part of the energy of the system is 

obtained by the SWKB quantization 

condition expressed in equation (45) that 

may be reduced into integral form as 

follows: 

 

𝐼(𝑎, 𝑏) = ∫ {(𝑦 − 𝑎)(𝑏 − 𝑦)}1/2
𝑑𝑦

𝑦

𝑏

𝑎
=

𝜋

2
(𝑎 + 𝑏) − 𝜋√𝑎𝑏    (49) 

 

If equation (47) is inserted into equation 

(45), we have: 

 

∫

√
  
  
  
  
  
 

{
 
 

 
 2𝑀𝐸′𝑛

(−) −

2𝑀

[
 
 
 

𝐴𝑒−2𝛼𝑧𝑧 −

2√𝐴(
𝑇

2√𝐴
−

ℏ𝛼𝑧

2√2𝑀
) 𝑒−𝛼𝑧𝑧

+(
𝑇

2√𝐴
−

ℏ𝛼𝑧

2√2𝑀
)
2

]
 
 
 

}
 
 

 
 

𝑑𝑧 =
𝑥𝐵

𝑥𝐴

𝑛𝜋ℏ    (50) 

 

and by taking a transformation of variable in 

equation (50) as: 

𝑒−𝛼𝑧𝑧 = 𝑦 = 𝑓(𝑧), and 𝑑𝑧 = −
𝑑𝑦

𝛼𝑧𝑦
    (51) 

then equations (50) become: 

∫ √2𝑀𝐴

√
  
  
  
  
  
 

{
 
 

 
 

𝐸′𝑛
(−)

𝐴
− 𝑦2 +

2(
𝑇

2𝐴
−

ℏ𝛼𝑧

2√2𝑀𝐴
) 𝑦 −

1

𝐴
(

𝑇

2√𝐴
−

ℏ𝛼𝑧

2√2𝑀
)
2

}
 
 

 
 

(−
𝑑𝑦

𝑦
)  =

𝑥𝐵

𝑥𝐴

𝑛𝜋ℏ𝛼𝑧  (52) 

 

By comparing equations (49) and (52), we 

obtain the integration result of equation (52) 

as:  

 

√2𝑀𝐴{𝜋 (
𝑇

2𝐴
−

ℏ𝛼𝑧

2√2𝑀𝐴
) −

𝜋√
1

𝐴
(

𝑇

2√𝐴
−

ℏ𝛼𝑧

2√2𝑀
)
2

−
𝐸′𝑛
(−)

𝐴
} = −𝑛𝜋ℏ𝛼𝑧 (53) 

 

And we obtain: 

 

{(
𝑇√2𝑀

2√𝐴
−

ℏ𝛼𝑧

2
) + 𝑛ℏ𝛼𝑧}

2

= (
𝑇√2𝑀

2√𝐴
−

ℏ𝛼𝑧

2
)
2

− 2𝑀𝐸′𝑛
(−)

  (54) 

 

 

 



Jurnal ilmiah pendidikan fisika Al-Biruni, 12 (2) (2023) 167-193 177 

 

From equations (48) and (54), we obtain:  

 

𝐸′𝑛𝑧 = −((
𝑇

2√𝐴
−

ℏ𝛼𝑧

2√2𝑀
) +

n𝑧ℏ𝛼𝑧

√2𝑀 
)
2

   (55) 

And we find the energy eigenvalue in the z-

direction as given by equations (23) and 

(55): 

 

𝐸𝑛𝑧 = −((
𝑇

2√𝐴
−

ℏ𝛼𝑧

2√2𝑀
) +

n𝑧ℏ𝛼𝑧

√2𝑀 
)
2

+

(𝐶−𝐷)𝐷0

4
−

𝑒𝐹

𝛼𝑧
− 𝑒𝐹𝑧0 (56) 

that can be rewritten to be: 

𝐸𝑧 = 𝐺 − (
ℏ𝛼𝑧

𝑀 
)
2
(𝐾 + n𝑧)

2  (57) 

 

𝐺 =
(𝐶−𝐷)𝐷0

4
−

𝑒𝐹

𝛼𝑧
− 𝑒𝐹𝑧0; 

𝐾 =
𝑀

ℏ𝛼𝑧
(

𝑇

2√𝐴
−

ℏ𝛼𝑧

2√2𝑀
)        (58) 

 

The solution of the radial part of the 

Schrodinger equation is obtained by setting 

the new parameter 
𝑒𝐵

𝑀𝑐
= 𝜔𝑐 , 𝜔𝑐 is the 

cyclotron frequency, M is the effective mass 

of the electron, C and D are parameters of 

confinement potential associated with the 

strength of depth of potential, B is the 

external magnetic field acting on the 

quantum system, m is the magnetic quantum 

number. By rewriting equation (11) as: 

 
ℏ2

2𝑀
𝑓𝑚𝑛
′′ − [

𝑀𝜔𝑐
2

8
𝜌2 +

(
𝐶+𝐷−(1−4𝑚2)ℏ2/2𝑀

4𝜌2
)] 𝑓𝑚𝑛 + (𝐸𝜌 −

(
ℏ𝑚 𝜔𝑐

4
))𝑓𝑚𝑛 = 0  (59) 

 

and by setting new parameters in equation 

(59) as: 

𝐸′𝜌 = (𝐸𝜌 −
ℏ2

2𝑀
(
𝑚𝑒𝐵

2ℏ𝑐
));     

𝑒𝐵

𝑀𝑐
= 𝜔𝑐;    

𝜔𝑐
2

8
=

𝜔2

2
→

𝜔𝑐

2
=  𝜔      (60)     

  

 
ℏ2

2𝑀
 𝑙′(𝑙′ + 1) = (

𝐶+𝐷−(1−4𝑚2)ℏ2/2𝑀

4
) →

 𝑙′ = −
1

2
 + √𝑚2 +

2𝑀

ℏ2
(
𝐶+𝐷

4
)            (61) 

 

Then equation (59) reduces to: 

 

ℏ2

2𝑀
𝑓𝑚𝑛
′′ − [

𝑀𝜔2

2
𝜌2 +

ℏ2

2𝑀
(
𝑙′(𝑙′+1)

𝜌2
)] 𝑓𝑚𝑛 +

𝐸′𝜌𝑓𝑚𝑛 = 0       (62) 

 

From equations (46) and (62) we have:  

 

 
𝑀𝜔2

2
𝜌2 +

ℏ2

2𝑀
(
𝑙′(𝑙′+1)

𝜌2
) = 𝜙2(𝜌) −

ℏ

√2𝑀
𝜙′(𝜌) + 𝜀′0  (63) 

 

Where 𝜙(𝜌) is the hypothetic super 

potential, and 𝜀′0 is the ground state energy 

in the radial direction. By letting a super 

potential 𝜙(𝜌), which is constructed from 

the general potential equation (53), into 

equation (63), has the form of: 

 

𝜙(𝜌) = 𝐴𝜌 +
𝐵

𝜌
       (64) 

                                                                      

Then, from equations (63)-(64), we obtain 

the ground state energy and the 

superpotential equation as:  

 

𝜙(𝜌) = √
𝑀

2
 𝜔𝜌 −

ℏ(𝑙′+1)

𝜌√2𝑀
; 𝜀′0 = ℏ𝜔 (𝑙′ +

3

2
)    

   (65) 

Similar to the z part, the energy spectra of 

the radial part are also determined using the 

supersymmetry quantization condition given 

in equation (45) by setting a new variable:  

 

 𝜌2 = 𝑦 = 𝑓(𝜌) → 2𝜌𝑑𝜌 = 𝑑𝑦 ,   𝑑𝜌 =
𝑑𝑦

2√𝑦
   

 (66) 
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Then the superpotential in equation (65) is 

inserted into equation (45), and we have:  

 

∫ √{2𝑀 [𝐸𝑛𝜌
′(−)

− (√
𝑀

2
 𝜔𝜌 −

ℏ(𝑙′+1)

𝜌√2𝑀
)

2

]} 𝑑𝜌 =
𝜌𝐵

𝜌𝐴

𝑛𝜋ℏ  (67) 

 

By using equations (66)-(67), we get: 

 

∫ 𝑀𝜔√{[(
2𝐸𝑛𝜌

(−)

𝑀𝜔2 +
2ℏ(𝑙′+1)

𝑀𝜔
)𝑦 − 𝑦2 −

ℏ2(𝑙′+1)2

𝑀2𝜔2
]}

𝑑𝑦

𝑦
=

𝑦𝐵

𝑦𝐴

2𝑛𝜌𝜋ℏ    (68) 

 

And by comparing equations (49) and (68), 

we can write: 

 

𝑀𝜔{
𝜋

2
(
2𝐸𝑛𝜌

′(−)

𝑀𝜔2 +
2ℏ(𝑙′+1)

𝑀𝜔
) − 𝜋√

ℏ2(𝑙′+1)2

𝑀2𝜔2 } =

2𝑛𝜌𝜋ℏ    (69) 

 

From equation (69), we have: 

 

𝐸𝑛𝜌
′(−)

= 2𝑛𝜌ℏ𝜔       (70)   

 

Using equations (65) and (70), the radial 

energy spectra obtained as: 

 

𝐸𝜌 = 𝐸𝑛𝜌 = {
ℏ𝜔 (2𝑛𝜌 + 𝑙′ +

3

2
) +

ℏ2

2𝑀
(
𝑚𝑒𝐵

2ℏ𝑐
)

} (71) 

 

By applying equation (61) to equation (71), 

we obtain: 

  

𝐸𝑛𝜌 = ℏ
𝑒𝐵

𝑀𝑐
(𝑛𝜌 +

1

2
(√𝑚2 +

2𝑀

ℏ2
(
𝐶+𝐷

4
))+

1

2
) +

ℏ2

2𝑀
(
𝑚𝑒𝐵

2ℏ𝑐
)  (72) 

 

Equation (72) can be simplified as: 

 

𝐸𝑛𝜌 = ℏ
𝑒𝐵

𝑀𝑐
(𝑃 + 𝑛𝜌) +

ℏ2

2𝑀
(
𝑚𝑒𝐵

2ℏ𝑐
)  (73) 

 

With: 

𝑃 =
1

2
(√𝑚2 +

2𝑀

ℏ2
(
𝐶+𝐷

4
)) +

1

2
  (74) 

 

Then, the total energy spectra of the system 

are obtained from equations (56), (57), and 

(72) given by: 

 

𝐸(𝜌, 𝑧) = 𝐸𝜌 + 𝐸𝑧 =
ℏ2

2𝑀
(
𝑚𝑒𝐵

2ℏ𝑐
) +

ℏ
𝑒𝐵

𝑀𝑐
(𝑃 + 𝑛𝜌) + 𝐺 − (

ℏ𝛼𝑧

𝑀 
)
2
(𝐾 + n𝑧)

2 (75) 

 

The total energy of the system is expressed 

in equation (75).  

The analysis of the energy eigenvalue for 

this study is compared to the closest 

research conducted by Khordad and Sedehi 

(Khordad & Sedehi, 2018) since there is no 

experimental data that is the same as the 

parameter used in this system. In Khordad 

and Sedehi, the ring-shaped oscillator, 

which is also called the Scarf noncentral 

potential and spherical harmonic oscillator, 

is given as: 

 

𝑉(𝑟, 𝜃) =
1

2
𝑚∗𝜔0

2𝑟2 +
ℏ2

2𝑚∗ (
𝐵

𝑟2𝑠𝑖𝑛2𝜃
+

𝐶

𝑟2𝑐𝑜𝑠2𝜃
) (76)  

 

𝑉(𝑟, 𝜃) = 𝑉(𝜌, 𝑧) =
1

2
𝑚∗𝜔0

2(𝜌2 + 𝑧2) +

ℏ2

2𝑚∗ (
𝐵

𝜌2
+

𝐶

𝑧2
) (77)  

 

In this work, based on Figure 1, we apply 

Scarf non-central potential:  

 

𝑉(𝑟, 𝜃) =
𝑎

𝑟2𝑠𝑖𝑛2𝜃
+

𝑏𝑐𝑜𝑠2𝜃

𝑟2𝑠𝑖𝑛2𝜃
  (78) 

 

𝑉(𝑟, 𝜃) =
𝑎

4𝑟2𝑠𝑖𝑛2𝜃𝑐𝑜𝑠2𝜃
+

𝑏(2𝑐𝑜𝑠2𝜃−1)

4𝑟2𝑠𝑖𝑛2𝜃𝑐𝑜𝑠2𝜃
  (79) 

 

𝑉(𝑟, 𝜃) =
𝑎+𝑏

4𝑟2𝑠𝑖𝑛2𝜃
+

𝑎−𝑏

4𝑟2𝑐𝑜𝑠2𝜃
  (80) 

 

𝑉(𝜌, 𝑧) =
𝑎+𝑏

4𝜌2
+

𝑎−𝑏

4𝑧2
  (81) 

 

Combined with Morse potential:  

 

𝑉(𝑧) = −2𝐷𝑒𝑒
−𝛼𝑧(𝑧−𝑧0) +𝐷𝑒𝑒

−2𝛼𝑧(𝑧−𝑧0)  (82) 
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Such that we have the applied potential 

given as: 

 

 𝑉(𝜌, 𝑧) =
𝑎+𝑏

4𝜌2
+

𝑎−𝑏

4𝑧2
− 2𝐷𝑒𝑒

−𝛼𝑧(𝑧−𝑧0) +

𝐷𝑒𝑒
−2𝛼𝑧(𝑧−𝑧0)  (83)  

 

A similar condition has also been studied 

(Khordad & Sedehi, 2018). They solved the 

Schrodinger equation under the influence of 

the magnetic field with a ring-shaped 

oscillator and a spherical harmonic 

oscillator potential. At this point, we can 

compare the calculation result in this work 

to that obtained in the reference (Khordad & 

Sedehi, 2018) to check the correctness of the 

mathematical calculations, including the 

derivation of the differential Schrodinger 

equation, so that the obtained solutions will 

be more accurate. By comparing the radial 

part of Schrodinger equation (5) in Ref. 

(Khordad & Sedehi, 2018) written as: 

 

𝑑2𝐹(𝑧)

𝑑𝑧
− [

𝑚∗2𝜔0
2

ℏ
𝑧2 +

𝐶

𝑧2
−

2𝑚∗𝐸𝑧

ℏ2
−

2𝑚∗

ℏ2
𝑒𝐹𝑧] 𝐹(𝑧) = 0   

 

With the radial part of the Schrodinger 

equation expressed in equation (59) in this 

work, it is shown that the two equations 

have similar effective potential but with 

different notation of parameters, such as 

they denoted the external magnetic by Ω and 

the potential parameter by B and C. In 

contrast, in this work, the external magnetic 

is denoted by 𝐵 and the potential parameter 

by C and D. Besides, we used the Scarf non-

central potential with the influence of 

magnetic field in this study for the 𝜌-part 

where it is reduced into the form of inverse 

square potential and Morse potential for the 

z-part. Whereas Khordad and Sedehi (2018), 

for the 𝜌-part, used the addition of oscillator 

harmonic potential, and for the z-part, they 

used modified square and inverse square 

potential.  

Moreover, the energy equation of 𝜌-part 

expressed in equation (73) is similar to the 

energy equation of the reference with 

different parameters. Due to the similarity in 

the second-order differential equation of the 

Schrodinger equation, the effective 

potential, and the energy equation (although 

the parameter used is different), the 

computational and numerical results can be 

compared to the data proved by Khordad 

and Sedehi (2017).  

Using equation (75), the energy 

eigenvalue of diatomic molecules in Table 1 

is numerically calculated with the variation 

of quantum number n, magnetic field B, and 

electric field F. In this case, the effective 

mass of the molecules is presented in Table 

1. We use a natural unit for the other 

parameters to simplify the computational 

process without changing the results, as 

follows 3,1,0  Decem  . 

Table 2 shows the energy eigenvalue as a 

quantum number (n) function for four cases 

with three different diatomic molecules with 

the mass parameter taken from Table 1. The 

energy increases as the quantum number is 

raised for each case and also increases due 

to the external magnetic field B. The change 

in the electric field F doesn’t significantly 

affect the energy eigenvalue of the system. 

 
Table 1. Molecular Parameter (Faniandari Et Al., 

2022) 

Molecule M (amu) 

Hydrogen (𝐻2) 0.5039100 

Lithium hydride (LiH) 0.8801221 

Hydrogen chloride (HCl) 0.9801045 

 
Table 2. The energy eigenvalues for the Scarf and 

Morse potentials under the influence of B 

and F with various n for parameters 𝐶 =
 0.5, 𝐷 =  0.1, and 𝛼 = 0.05 

n F (T) 
B 

(T) 

E (eV) 

𝑯𝟐 LiH HCl 

1 0 0 159.850 80.227 69.695 

 0 2 166.575 84.219 73.309 

 2 0 159.841 80.218 69.687 

 2 2 166.566 84.211 73.301 

2 0 0 377.161 204.654 181.430 

 0 2 387.855 210.918 187.085 

 2 0 377.147 204.643 181.420 

 2 2 387.841 210.908 187.075 

3 0 0 594.451 329.074 293.160 
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n F (T) 
B 

(T) 

E (eV) 

𝑯𝟐 LiH HCl 

 0 2 609.114 337.611 300.855 

 2 0 594.434 329.062 293.148 

 2 2 609.097 337.599 300.843 

4 0 0 811.722 453.488 404.884 

 0 2 830.354 464.298 414.620 

 2 0 811.702 453.473 404.871 

 2 2 830.334 464.283 414.607 

 

We can't compare our results because 

the reference does not calculate the energy 

level numerically. However, the similarity 

in the form of the energy equation caused 

the partition function and the other 

thermodynamic properties to have a similar 

form to the reference (Khordad & Sedehi, 

2017). So, the other thermodynamic 

properties can be compared with the 

previous research. 

 

2. The Thermodynamics and Magnetic 

Properties of the Scarf Non-central 

and Morse Potentials in the Presence 

of the External Electric and Magnetic 

Field  

Thermodynamical and magnetic 

properties of a quantum system influenced 

by Scarf hyperbolic and Morse confinement 

potentials are determined using the energy 

spectra expressed in equation (75). In the 

classical regimes (Edet et al., 2021), the 

nonrelativistic energy equation in equation 

(75) yields the vibrational partition function, 

internal energy, specific heat, and entropy. 

The vibrational partition function is given as 

(Bera et al., 2019; Edet et al., 2021; 

Khordad et al., 2019; Khordad & Sedehi, 

2018; Okorie, Edet, et al., 2020): 

 

 (84) 

 

k is the Boltzmann constant, En is the 

nonrelativistic energy spectrum (in eV). 

Then, the partition function is obtained 

directly from equation (75) given (Edet et 

al., 2021): 

 

𝑍(𝛽) = 𝑍𝜌(𝛽) + 𝑍𝑧(𝛽)

= {𝑒
−𝛽(

ℏ2

2𝑀
(
𝑚𝑒𝐵
2ℏ𝑐

)+𝐺)
∑ 𝑒𝛽(

ℏ𝛼𝑧
𝑀 

)
2

(𝐾+n𝑧)
2

n𝑧𝑚𝑎𝑥

n𝑧

 

∑ 𝑒−𝛽ℏ𝜔𝑐(𝑃+𝑛𝜌)
𝑛𝜌𝑚𝑎𝑥

𝑛𝜌
}   (85)      

The radial and z-part of the partition 

function can be rewritten as: 

 

𝑍𝜌(𝛽) = 𝑒−𝛽ℏ𝜔𝑐𝑃 ∑ 𝑒−𝛽ℏ𝜔𝑐(𝑛𝜌)
𝑛𝜌𝑚𝑎𝑥

𝑛𝜌
=

𝑒
−𝛽ℏ

𝑒𝐵
𝑀𝑐

𝑃

1−𝑒
−𝛽ℏ

𝑒𝐵
𝑀𝑐

   (86) 

 

𝑍𝑧(𝛽) =
𝑀

ℏ𝛼𝑧√𝛽

√𝜋

2
{𝑒𝑟𝑓𝑖 (√𝛽

ℏ𝛼𝑧

𝑀 
𝐾)}        (87) 

 

By using equations (84-87), the total 

partition function of the quantum system 

becomes: 

 

𝑍(𝛽) =

𝑒
−𝛽(

ℏ2

2𝑀
(
𝑚𝑒𝐵

2ℏ𝑐
)+𝐺) 𝑒

−𝛽ℏ
𝑒𝐵
𝑀𝑐

𝑃

1−𝑒
−𝛽ℏ

𝑒𝐵
𝑀𝑐

  
𝑀

ℏ𝛼𝑧√𝛽

√𝜋

2
{𝑒𝑟𝑓𝑖 (√𝛽

ℏ𝛼𝑧

𝑀 
𝐾)}

         (88) 

 

Where: 

 

𝐾 =
𝑀

ℏ𝛼𝑧
(

𝑇

2√𝐴
−

ℏ𝛼

2√2𝑀
) ; 𝐺 =

(𝐶−𝐷)𝐷0

4
−

𝑒𝐹

𝛼𝑧
 ; 

𝑃 =
1

2
(√𝑚2 +

2𝑀

ℏ2
(
𝐶+𝐷

4
)) +

1

2
              (89) 

 

And:  

 

;                                                                         

 (90) 

 

By applying equations (84-90), we obtain 

the partition function of the system written 

as:    

          

𝑍(𝛽) =

𝑒
−𝛽((

ℏ𝑒𝐵
𝑀𝑐

)(
𝑚
4
+𝑃)+𝐺)

1−𝑒
−𝛽ℏ

𝑒𝐵
𝑀𝑐

𝑀

ℏ𝛼𝑧√𝛽

√𝜋

2
{𝑒𝑟𝑓𝑖 (√𝛽

ℏ𝛼𝑧

𝑀 
𝐾)}  

 (91) 
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The partition function expressed in 

equation (91) is used to calculate 

numerically internal energy, specific heat, 

free energy, entropy, magnetization, 

magnetic susceptibility at finite and zero 

temperature, persistent current, and delta 

entropy defined as follows (Edet & Ikot, 

2021; Edet et al., 2021): 

 
1. Vibrational mean energy/internal energy  

 

𝑈(𝛽) = −
1

𝑍(𝛽)

𝜕𝑍(𝛽)

𝜕𝛽
      

 (92) 
2. Specific free capacity 

 

 𝐶(𝛽) = −𝑘𝛽2
𝜕𝑈

𝜕𝛽
 (93) 

 

3. Free energy 

 

𝐹(𝛽) = −𝑘𝑇 𝑙𝑛𝑍𝑣𝑖𝑏 (𝛽)   (94) 

 
4. Entropy 

 

 𝑆(𝛽) = −𝑘𝛽
𝜕𝐹

𝜕𝛽
 (95) 

 
5. Magnetization at finite temperature 

 

 𝑀′(𝛽) =
1

𝛽
(

1

𝑍(𝛽)
)
𝜕𝑍(𝛽)

𝜕𝐵
 (96) 

 

6. Magnetization at zero temperature 

 

 𝑀′(𝛽) = −
𝜕𝐸(𝜌,𝑧)

𝜕𝐵
 (97) 

 

7. Magnetic susceptibility  

 

𝜒𝑚(𝛽)  =
𝜕𝑀′(𝛽)

𝜕𝐵
  (98) 

 

8. Persistent current 

 

𝐼 = [−
𝑒

ℎ𝑐
]
𝜕𝐹(𝛽 )

𝜕𝑀
  (99) 

 

9. Delta entropy 

 

∆𝑆 = 𝑆(𝐵 ≠ 0, 𝑇) − 𝑆(𝐵 = 0, 𝑇)  (100) 

The vibrational mean energy of the 

quantum system is obtained by using 

equation (92) as:  

 

𝑈(𝛽) = ((
ℏ𝑒𝐵

𝑀𝑐
) (

𝑚

4
+ 𝑃) + 𝐺) +

 
(ℏ

𝑒𝐵

𝑀𝑐
)

−1+𝑒
𝛽ℏ

𝑒𝐵
𝑀𝑐

+
1

2𝛽
−

{
ℏ𝛼𝑧𝐾

M√𝛽√𝜋
𝑒

𝛽ℏ2𝛼𝑧
2𝐾2

𝑀2 }

{𝑒𝑟𝑓𝑖(√𝛽
ℏ𝛼𝑧
𝑀 

𝐾)}
     (101) 

 

The specific heat of the quantum system is 

found by using equation (93) as:  

 

𝐶(𝛽) = −𝑘𝛽2 {−
(ℏ

𝑒𝐵

𝑀𝑐
)
2
𝑒
𝛽ℏ

𝑒𝐵
𝑀𝑐

(−1+𝑒
𝛽ℏ

𝑒𝐵
𝑀𝑐)

2 +
1

2𝛽2
−

ℏ𝛼𝑧𝐾𝑒

𝛽ℏ2𝛼𝑧
2𝐾2

𝑀2

𝑒𝑟𝑓𝑖(√𝛽
ℏ𝛼𝑧
𝑀 

𝐾)M√𝛽𝜋
((−

1

2𝛽
+

ℏ2𝛼𝑧
2𝐾2

𝑀2 ))+

(ℏ𝛼𝑧𝐾)
2

{𝑒𝑟𝑓𝑖(√𝛽
ℏ𝛼𝑧
𝑀 

𝐾)}
2
M2𝛽𝜋

𝑒
2𝛽ℏ2𝛼𝑧

2𝐾2

𝑀2 } (102) 

 

The vibrational free energy (F) of the 

quantum system is obtained by using 

equation (94) as:  

 

𝐹(𝛽) =

−
1

𝛽
𝑙𝑛 (

𝑒
−𝛽((

ℏ𝑒𝐵
𝑀𝑐

)(
𝑚
4
+𝑃)+𝐺)

1−𝑒
−𝛽ℏ

𝑒𝐵
𝑀𝑐

𝑀

ℏ𝛼𝑧√𝛽

√𝜋

2
{𝑒𝑟𝑓𝑖 (√𝛽

ℏ𝛼𝑧

𝑀 
𝐾)})  

 (103) 

and equation (95) is used to arrive the 

following vibrational entropy (S) of the 

quantum system:  

𝑆(𝛽) = −𝑘𝛽

{
 
 

 
 

(
1

𝛽2
𝑙𝑛 𝑍𝑣𝑖𝑏 (𝛽)) +

1

𝛽
((

ℏ𝑒𝐵

𝑀𝑐
) (

𝑚

4
+ 𝑃) + 𝐺) + 

(ℏ
𝑒𝐵

𝑀𝑐
)

−1+𝑒
𝛽ℏ

𝑒𝐵
𝑀𝑐

+
1

2𝛽
−

 

{
ℏ𝛼𝑧𝐾

M√𝛽√𝜋
𝑒

𝛽ℏ2𝛼𝑧
2𝐾2

𝑀2 }

{𝑒𝑟𝑓𝑖(√𝛽
ℏ𝛼𝑧
𝑀 

𝐾)}

}
 
 

 
 

  (104) 
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Then, by using equation (97), the 

magnetization at finite temperature 𝑀′, is 

given by: 

  

𝑀′(𝛽) = −(
ℏ𝑒

𝑀𝑐
){(𝑃 +

𝑚

4
) +

1

(𝑒
𝛽ℏ

𝑒𝐵
𝑀𝑐−1)

}(105) 

 

The magnetization at zero temperature is 

obtained by using equation (97): 

 

𝑀′(𝛽) = −
ℏ𝑒

𝑀𝑐
{(

𝑚

4
) + (𝑃 + 𝑛𝜌)}  (106) 

 

The susceptibility of the system at zero 

temperature is:  

 

𝜒𝑚(𝛽) = 0  (107) 

 

The magnetic susceptibility of the system at 

a finite temperature is obtained by using 

equations (98) and (96) as follows:  

 

𝜒𝑚(𝛽) =
(
ℏ𝑒

𝑀𝑐
)𝛽

ℏ𝑒

𝑀𝑐
𝑒
𝛽ℏ

𝑒𝐵
𝑀𝑐

(𝑒
𝛽ℏ

𝑒𝐵
𝑀𝑐−1)

2 =
(
ℏ𝑒

𝑀𝑐
)𝛽

ℏ𝑒

𝑀𝑐

4𝑠𝑖𝑛ℎ2(𝛽ℏ
𝑒𝐵

2𝑀𝑐
)
    (108) 

 

By using equation (97), the persistent 

current is found to be:  

 

𝐼(𝛽) = [−
𝑒

ℎ𝑐
] [−

1

𝛽
] [−

𝛽ℏ𝑒𝐵

4𝑀𝑐
(1 +

𝑚

𝑃−
1

2

)] =

−
𝐵𝑒2

8𝜋𝑀𝑐2
(1 +

𝑚

𝑃−
1

2

)  (109) 

 

We simulate each of the thermodynamic 

and magnetic properties as a function of 

temperature function 𝛽 =
1

𝑇
, electric field 

F(T), and magnetic field B(T). Figure 2 

shows the plot of the partition function of 

the Scarf and Morse potentials with the 

variation of mass M: (a) as a function of 𝛽, 

(b) as a function of F, and (c) as a function 

of B. In Figure 2(a), it can be observed that 

the partition function decreases with the 

increasing temperature function 𝛽. So, it 

decreases as the temperature value 

increases. Figure 2(b) shows that the 

partition function increases with an increase 

in the electric field parameter F. Figure 2(c) 

indicates that the partition function 

decreases with an increase in the magnetic 

field parameter B.  

 
 (a) 

 (b) 

 
(c) 

 

Figure 2. (a) The Plot of Partition Function as a 

Function of (a) 𝛽 (b) F (c) B for Different 

Values of M 

 

From Figures 2(a) and 2(c), it is 

concluded that the Z function reaches 
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saturation values for low temperature and 

high magnetic field values regardless of the 

mass parameter M. Meanwhile, from Figure 

2(b), it is clear that the higher mass 

parameter M has a more significant effect 

on the Z-function. The partition function 

simulates the distribution of the energy of 

particles. The plot of the Z-function in 

Figure 2(b) shows the linear trend. 

 
 (a) 

 
(b) 

 
(c) 

Figure 3. (a) The Plot of Internal Energy as a 

Function of (a) 𝛽 (b) F (c) B for 

Different Values of M. 

 

Figure 3 shows the plot of the internal 

energy of the Scarf and Morse potentials 

with the variation of mass M (a) as a 

function of 𝛽, (b) as a function of F, and (c) 

as a function of B. In Figure 3(a), it can be 

seen that the internal energy exhibits 

saturation. As the 𝛽 increases, the internal 

energy reaches a limit. The internal energy 

decreases with the increase of the electric 

field parameter 𝐹 in Figure 3(b), and it 

enhances linearly with increasing the 

magnetic field parameter B in Figure 3(c). 

The decrease in temperature and magnetic 

field causes the internal energy to increase 

so that the motion of the molecules will be 

more stable since the internal energy 

corresponds to the potential energy and 

kinetic energy in the vibrational motion of 

the molecules. The results in Figure 3 show 

that the internal energy is insensitive to 

changes in the M parameter. It is highly 

sensitive to the applied magnetic field 

changes and slightly sensitive to the 𝛽 and F 

parameters. The internal energy results are 

compared to the reference (Khordad & 

Sedehi, 2018). It is found that Figure 3(a) is 

similar to the internal energy depicted in 

Khordad and Sedehi, which increases with 

the increase of temperature T. It should be 

noted that in this work, we simulate the 

internal energy with the temperature 

function 𝛽, where 𝛽 =
1

𝑘𝑇
. 

 

 
 (a)       
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 (b) 

 

Figure 4. (a) The plot of the Specific Heat Capacity 

as a Function of (a) F and (b) B for Different Values of M 

 

Figure 4 shows the plot of the specific 

heat capacity of the Scarf and Morse 

potentials with the variation of mass 

parameter M (a) as a function of electric 

field parameter 𝐹 and (b) as a function of 

external magnetic field parameter B. Figure 

4(a) shows that the specific heat capacity 

increases and then decreases with an 

increase in the F parameter. Figure 4(b) 

shows that the specific heat capacity reduces 

with increasing B. The results in Figure 4 

allow us to infer that the specific heat 

capacity is sensitive to the applied magnetic 

field. For F → 0 𝑇, the value of the specific 

heat capacity is almost zero, and it reaches 

the higher value of the specific heat capacity 

in 2T< F < 4T. For F > 4T, the specific heat 

capacity exhibits saturation. In this case, the 

specific heat capacity has a negative value. 

This can be interpreted as meaning that 

when the system vibrates, energy is lost by 

radiation. The specific heat capacity behaves 

similarly to the results (Khordad & Sedehi, 

2018). 

 

 
 (a) 

  (b) 

 
     (c) 

 
Figure 5. (a) The Plot of Free Energy as a Function 

of  (a) 𝛽 (b) F (c) B for Different Values of 

M 
 

Figure 5 shows the plot of free energy of 

the Scarf and Morse potentials with the 

variation of mass parameter M (a) as a 

function of temperature function 𝛽, (b) as a 

function of electric field F, and (c) as a 

function of external magnetic field B. In 

Figure 8(a), it is observed that free energy 
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enhances with enhancing 𝛽. Figure 5(b) 

shows that free energy decreases with an 

increase in the F parameter. In Figure 5(c), 

the free energy exhibits saturation. This 

means that as B increases, the free energy 

reaches a limit. Free energy represents work 

outside the system that results from changes 

in the system's internal energy in a 

thermodynamic process. In this case, the 

system's stability is deteriorating because 

the value of the free energy rises as the 

external magnetic field B enhances, 

especially in regions with a strong magnetic 

field effect. The results of Figure 5 allow us 

to conclude that free energy is most 

sensitive to changes in the M and F 

parameters, slightly sensitive to the B 

parameter, and insensitive to temperature. 

We can't compare the free energy to the 

result (Khordad & Sedehi, 2018) since they 

do not obtain and simulate it numerically. 

 
 (a) 

 (b) 

 
(c) 

 

Figure 6. (a) The Plot of Entropy as a Function of (a) 

𝛽 (b) F (c) B for Different Values of M 
 

Figure 6 shows the plot of entropy of the 

Scarf and Morse potentials with the 

variation of mass parameter M (a) as a 

function of temperature function 𝛽, (b) as a 

function of electric field parameter F, and 

(c) as a function of the external magnetic 

field B. Figures 6(a) and 6(c) show that the 

entropy highly decreases and then slightly 

decreases with increasing 𝛽 and B, 

respectively. This means that the system's 

entropy will increase at high temperatures, 

and the particles will become more unstable. 

Figure 6(b) shows that the entropy increases 

with increasing F. Figure 6 shows that the 

entropy is equally sensitive to changes in the 

𝛽, F, and B parameters. Then, the entropy in 

Figure 6(a) exhibits the same behavior as 

the entropy as a function of temperature 

(Khordad & Sedehi, 2018); it increases with 

the growth of temperature. In Figure 6(a), 

we plot it against the temperature function 

𝛽, where 𝛽 =
1

𝑘𝑇
, so it shows the opposite 

graphs. 
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 (a)      (b) 

 
(b) 

 

Figure 7. The Plot of Magnetization at Zero  

Temperature as a Function of (a) C, (b) D 

for Different Values of M 

 

Figure 7 depicts the plot of magnetization 

of the Scarf and Morse potentials at zero 

temperature with the variation of mass 

parameter M (a) as a function of potential 

parameter 𝐶 and (b) as a function of 

potential parameter D. Figures 7(a) and 7(b) 

show that the magnetization decreases with 

increasing both C and D. From Figure 7, it 

can be seen that the magnetization is mostly 

sensitive to changes in the applied C and D 

parameters and is essentially constant for 

variations in the mass parameter M. 

Figure 8 shows the plot of magnetization 

of the Scarf and Morse potentials at finite 

temperature with the variation of mass 

parameter M (a) as a function of potential 

parameter 𝐶 and (b) as a function of 

potential parameter D. The magnetization 

decreases with increasing both C and D as 

shown in Figures 8(a) and 8(b). Figures 7 

and 8 show that the mass parameter M 

contributes to the magnetization effect. At 

zero temperature, the magnetization is 

essentially constant for variation in the mass 

parameter M. Meanwhile, for finite 

temperatures, the magnetization shows its 

changes in the variation of the mass 

parameter M, and this effect is significant in 

the high potential parameter C and D 

regimes.  

 
 (a)       

 
 (b) 

Figure 8. The Plot of Magnetization at Finite  

Temperature as a Function of (a) C, (b) D 

for Different Values of M 

 
Figure 9. The Plot of Magnetic Susceptibility at 

Finite Temperature against B for Different 

Values of M 
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Figure 9 illustrates the magnetic 

susceptibility of the Scarf and Morse 

potentials as a function of the external 

magnetic field B under different mass 

parameters M. From Figure 9. We can see 

that the magnetic susceptibility decreases at 

the origin to almost zero point and then 

increases slightly with an increasing 

magnetic field. The magnetic susceptibility 

is almost constant in the region where B > 

0.02T. The result is similar to the finding in 

(Khordad & Sedehi, 2018), where the 

magnetic susceptibility increases with the 

raising of the magnetic fields. 

 
Figure 10. The Plot of the Persistent Current against 

B for Different Values of M 

 

Figure 10 shows the plot of the persistent 

current of the Scarf and Morse potentials 

with the variation of mass parameter M as a 

function of the external magnetic field 𝐵. 

Figure 10 shows that the persistent current 

decreases linearly with increasing B, which 

indicates that the perpetual electric current 

decreases in the greater magnetic field. This 

result is in good agreement with the result in 

the ref. (Faniandari et al., 2022). 

 
                                  (a)                           

 
(b) 

Figure 11. The Plot of Delta Entropy as a Function 

of (a) 𝛽 (b) B 

 

Figure 11 shows the plot of the delta 

entropy of the Scarf and Morse potentials 

with the variation of mass parameter M (a) 

as a function of temperature function 𝛽 and 

(b) as a function of external magnetic field 

B calculated numerically by using equation 

(100). The delta entropy decreases with the 

increasing of 𝛽 shown in Figure 11(a). It can 

be seen that the variations in delta entropy 

with temperature are significant at high 

temperatures. In Figure 11(b), the delta 

entropy rises with increasing B. The 

variations of B in the delta entropy are 

observed to have a small effect. However, 

the delta entropy has positive values, which 

indicates that the particle becomes more 

disordered. 

The graphs of the thermodynamic 

properties of the H2, LiH, and HCl diatomic 

molecules show that the behavior of the 

three selected diatomic molecules does not 

exhibit a significant difference since their 

rest masses have only a small difference. In 

contrast, the presence of the magnetic field 

contributes strongly to changing the system. 

These results are supported by research 

reported (Khordad & Sedehi, 2018), which 

shows that the different values of the 

magnetic field caused the thermodynamic 

properties to change. In addition, the 

magnetic properties are also examined in 

this work. From the results, the magnetic 

susceptibility of the three selected diatomic 

molecules has a negative value, 

characteristic of diamagnetic materials. 
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At this point, these theoretical results can 

be useful for some physical systems related 

to applications in condensed matter physics 

and other similar research since 

understanding the thermodynamic properties 

helps in characterizing the energy 

distribution and thermal behaviour.  

On the other hand, in this current work, 

the nonrelativistic Schrodinger equation was 

solved using SUSYQM, so only the shape 

invariance potential models can be applied.  

 

CONCLUSION AND SUGGESTION 

This paper studied the effects of 

magnetic and electric fields on 

thermodynamic and magnetic properties. 

The SUSY method was used to obtain the 

energy spectra for the system. The 

partition function was obtained from the 

energy equation and used to calculate the 

internal energy, specific heat capacity, 

free energy, entropy, persistent current, 

and delta entropy. Furthermore, the 

magnetization and magnetic susceptibility 

of the system were considered at zero and 

finite temperatures. The energy eigenvalue 

increases as the magnetic field increases but 

decreases as the electric field increases. The 

enhancement of the parameter 𝛼 increases 

the energy eigenvalue and applies to 

parameter C. For the parameter potential D, 

it is observed that the energy eigenvalue 

decreases as parameter D increases. The 

magnetic susceptibility of the system 

exhibits a diamagnetic behavior when 

plotted against B. The results of this work 

are compared to similar referred work, and 

they show consistency. These analytical 

expression results can be useful for research 

into other physical systems in condensed 

matter physics and related fields. 
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