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KETERAMPILAN VISUAL-SPASIAL DAN KONSEPTUALISASI KONTEN
MATEMATIKA CALON GURU

ABSTRAK

Kata Kunci: Tujuan dari penelitian ini adalah untuk mengeksplorasi
keterampilan spasial guru pra-layanan dalam memecahkan masalah
matematika, dalam konteks geometri koordinat.Hal ini
dibayangkan bahwa keterampilan spasial memungkinkan untuk
persepsi informasi visual dan oleh karena itu, kognisi spasial telah
dianggap sebagai keterampilan kunci dalam  mengajar
matematika.Namun, literatur menegaskan bahwa guru tidak siap
untuk mengajar matematika, maka ada penggunaan terbatas dan
penyalahgunaan keterampilan spasial dalam mengajar subjek.Oleh
karena itu, penelitian ini meneliti orientasi spasial guru pra-layanan
dalam mengajar geometri koordinat.Ini adalah studi metode
campuran di mana guru pra-layanan menjawab tes geometri
koordinat untuk mengeksplorasi pengetahuan konten mereka dan
kemampuan mereka untuk menafsirkan, menganalisis dan
menerapkan model spasial visual untuk memecahkan masalah
matematika dalam geometri koordinat.Studi ini menetapkan bahwa
keterampilan orientasi spasial guru pra-layanan menentukan kinerja
mereka dalam matematika, mengkoordinasikan geometri pada
khususnya.
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1. INTRODUCTION

Previous studies, have demonstrated a strong relationship between spatial skills and
mathematical learning and achievement [1-3]. Spatial thinking can be considered as an
amalgam of cognitive skills comprising knowledge of concepts of space, using tools of
representation, and applying processes of reasoning [4]. Spatial thinking therefore, allows
individuals to use space to model the world (real and theoretical), structure problems, find
answers, and express and communicate solutions [4]. The incorporation of concepts of
space hence makes spatial thinking distinctive from other types of thinking [4]. According
to [4], tools of representation such as graphs, sketches, diagrams, images, and models
enable and support spatial thinking. These tools are used in various forms such as mental
images, visual media, auditory, and/or kinesthetic forms to identify, describe, explain, and
communicate information about objects and their associated spatial characteristics [4]. The
ability to use these tools to facilitate spatial thinking therefore reflects spatial skills/literacy
in pre-service teachers. Research in spatial ability has been substantial and has seen a
resurgence since it has been linked with educational performance, especially in STEM
subjects [5]. This study could therefore prove to be beneficial in the education arena since
it focuses on uncovering the factor structure of spatial ability in mathematics, and
recommending interventions to enhance spatial thinking among mathematics pre-service
teachers.

Abrahamson et al. also suggest that knowing about space includes the nature of
spaces and coordinate systems like the Cartesian and polar coordinates [6]. Further allude
to representing space as looking at the relationships of different views of an object,
readability of graphs/maps, and the effects of projections and scale drawing [6]. In
coordinate geometry, the student is expected to recognize the connection between ordered
pairs of numbers and locations of points on a plane, that is, emphasis is on the location and
relationship of points and figures within the Cartesian plane, while in transformational
geometry it is most specifically important to explain how shapes appear as they are moved
in space [6]. The authors cannot repeat the considerable evidence pointing to the challenges
experienced in teaching coordinate geometry within South African schools, since it was
reinstated as part of the Further Education and Training (FET) curriculum in 2012. Such
evidence is available in abundance [7-10]. What is lacking in literature however, is how
visual-spatial skills influence coordinate geometry content conceptualisation for
mathematics pre-service teachers.

Mix contended that variance in mathematics performance is normally explained by
the variance in spatial skills among students across all educational levels [11]. This
assertion suggests that an individual’s spatial skills level can be a yardstick of achievement
in mathematics. Literature illustrates that the ability to apply spatial skills in teaching
mathematics and the level at which the teachers understand the content are interwoven [12-
13]. However, despite all these assertions, poor achievement in mathematics among
learners has remained unabated worldwide and the failure is normally ascribed to
practitioner development [7] [14]. According to the previous, the field of science in
mathematics that requires spatial ability most is geometry, but the way teachers give
instruction in this field lacks the spatial aspect [15] and hence, students with low spatial
skills tend to have problems understanding material provided [16-18]. To enhance
learners’ spatial skills, teachers must be able to connect the real world with the learners’
minds [19]. The purpose of this study was therefore to explore the spatial ability of
mathematics PSTs and how this spatial ability affected their ability to solve mathematical
problems related to coordinate geometry. The paper thus assessed the behaviour and
performance of pre-service teachers (PSTs) showing high and low spatial orientation skills
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as they solved some geometric tasks. This study used a survey and interpretation of
responses to coordinate geometry test items to explore the relationship that exists between
pre-service teachers’ ability to apply spatial skills and their understanding of mathematics
content in the context of coordinate geometry. The study addressed the questions: What is
the relationship between spatial skills and mathematics performance in mathematics pre-
service teachers? How do spatial skills impact on the conceptualisation of mathematics
content?

In the subsequent sections of this article, the authors provide definitions and
discussion of concepts related to spatial-visual skills first. Next, the connections between
spatial capabilities, geometrical thinking, and visualization are explored. Finally, the
conclusion is reached by discussing spatial skills as core cognitive skills that include spatial
visualisation, form perception and visual-spatial working memory.

1.1 Spatial Visualisation and Spatial Orientation

Spatial reasoning involves the ability to think and reason by comparing,
manipulating, and transforming mental pictures [20]. Seah [21] concurs that spatial
reasoning is the capacity to see, inspect and reflect on spatial objects, images, relationships
and transformations. Further distinguish spatial skills as comprising spatial visualisation
and spatial orientation [20]. Spatial visualisation refers to the ability to visually compare
shapes that have changed in position on the plane or in space. This is a very important
aspect of conservation of shape for pre-service teachers to realise that the shape stays the
same even when it is flipped, reflected, or rotated (recognition of shapes through mental
rotation). This is different from spatial orientation which is the ability to look at a fixed
figure from several different points of view [20]. Visual spatial skills therefore assist
individuals to comprehend spatial relationships between objects and to visualise different
scenarios or images [20]. Spatial skills further assist individuals to find their orientation in
space through taking in information from the world around them and organising that visual
information to create an understanding of meaningful patterns [20]. This is crucial for pre-
service teachers to master in order to understand coordinate geometry.

Several studies [22-25] examined connections between spatial capabilities (mental
rotation and perspective-taking) and geometrical thinking related to symmetry and how
visualisation and mental rotation might be related to geometrical figure apprehension
(perceptual and operative). Researchers such as [26-29] define spatial skills as core
cognitive skills that include spatial visualisation, form perception and visual-spatial
working memory. These authors further noted that spatial visualisation refers to learner’s
ability to imagine and mentally transform spatial information, while form perception is the
ability to copy and distinguish shapes from other shapes, including symbols. Visual-spatial
working memory enables learners to hold the locations of different objects, landmarks etc,
in working memory.

1.2 What are Visual-Spatial Skills in Mathematics?

According toprevious study, ‘visual-spatial skills’ which are used interchangeably
with ‘visual-spatial abilities’ in this study provide us with the ability to visually perceive
two or more objects in relation to each other and to one’s being [30]. Visual-spatial ability
is also defined as the capacity to generate, retain, retrieve and transform visual images [31-
32]. Consistent with [31]’s definition, [33] opines that visual-spatial skills enshrine the
ability to process what one can see in order to comprehend spatial relationships between
images. Lohman [31] again avers that spatial ability involves what students do when they
visualise shapes in their “mind’s eye”, hence, spatial ability is the capacity to mentally
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generate, transform and rotate a visual image and this includes the ability to recognise
shapes through mental rotation. The integration of these mentally generated images gives
rise to visual-spatial thinking [33-34]. The ability to represent a mathematical situation that
way may therefore enable learners to organise their thinking in solving a mathematical
problem, hence, facilitating conception of ideas [33]. In the same vein, [2,35] aver that
spatial skills enable students to mentally manipulate, organise, reason about and make
sense of spatial relationships. With spatial skills, a lot of information is mentally
represented in spatial format [11,26]. To assist enhancement of spatial skills, most
interventions focus on helping students to translate mathematical symbols or problem
statements into spatial representations that include number lines, diagrams, concrete
models, etc [36]. In another study, [37] reveals that there are two types of thinking
processes in mathematics that include the verbal processes and the spatial processes. [37]
emphasises that it is the non-verbal visuo-spatial apprehension that supports the deductive
processes that is involved in solving geometric problems.

Previous studies have demonstrated a strong correlation between spatial skills and
mathematics learning and achievement across all educational levels [2][3][27] [38][39]. In
particular, [26] established a strong relationship between spatial skills and success in the
many varied strands of mathematics such as geometry, mental arithmetic, calculus,
algebra, word problems and more advanced mathematics. [40-43] concur that the spatial
ability of a person can affect mathematical ability, and that the spatial ability has a positive
relationship with students' ability to solve problems. It is envisaged that spatial skills allow
for the perception of visual information, presenting the information internally, then
integrate the information with past experiences in order to derive meaning and
understanding of mathematical concepts. [37] thus advises that spatial training assists
learners to organize situations with mental pictures during problem-solving in
mathematics. The frequent use of diagrams, charts and images in showing relationships of
mathematical components of a mathematical problem could therefore be a demonstration
of spatial skills among learners [37]. This implies that, with spatial ability, individuals
learn more easily when presented with visual, diagrammatic or symbolic information in
contrast to verbal, auditory or language-based modality [44]. [44] argue that spatial ability
involves the capacity to visualise and to graphically represent concepts. Learners with
visual-spatial skills hence possess vivid imaginations that enable them to solve
mathematical problems. [44]’s view also influences the idea that the ability to represent
ideas graphically, the ability to interpret graphs and the ability to manipulate relationships
visually indicates visual-spatial skills of learners in mathematics. [44] hence assert that
spatial ability is necessary for problem-solving, reasoning and making connections,
especially in mathematics.

1.3 Statement of the problem

Despite the fact that strong spatial skills are normally associated with success in
STEM subjects and that there is convincing evidence that spatial skills are a reliable
predictor of mathematics achievement in both high school and university [45-46],
questions remain regarding achievement in spatial areas associated with mathematics.
Crollen et al. [47] and [16] warn that scaffolding given by teachers sometimes lacks the
spatial aspect, and students with low spatial skills tend to grapple with understanding the
materials provided. Despite substantial attempts to enhance mathematics achievement
among learners, poor performance in mathematics has been consistent the world over. In
addition, the majority of studies to date, for example, Wai et al. [48] have however reported
correlations between visual spatial skills and mathematics achievement based on primary
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and secondary schools but not university students. To date, no known studies have
investigated the association between spatial skills and mathematics in university and the
impact of spatial skills on mathematics content knowledge among pre-service teachers.
Scant attention has been paid to the mathematics practitioner development regarding pre-
service teachers’ visual-spatial skills to appropriately guide learners in solving
mathematical problems. Since literature, for example, [49-50] assert that teachers normally
share the same problems as those experienced by their students, it is likely that the teachers’
challenges can be inherited by learners. The current study therefore explored pre-service
teachers’ spatial skills in solving coordinate geometry problems and also examined
whether there is a connection between spatial skills and coordinate geometry performance
among pre-service teachers.

1.4 Theoretical Considerations

Visual-spatial ability is a mental activity [37], hence, this study is informed by
[44][51] theory of figural concepts. Fischbein’s theory asserts that geometry in general
deals with mental entities. The theory describes geometrical figures as having intrinsically
conceptual properties. However, the figures are not just mere concepts but visual as well.
A geometric figure, according to [51-53] therefore represent mental constructs which
concurrently involve both conceptual and figural properties. According to [51], figural
concepts reflect spatial properties such as shape, position and quantity/magnitude and at
the same time possess conceptual qualities such as ideality, abstractness, generality and
perfection. The figural concept is therefore a mental entity that contains figural and
conceptual components and is handled by mathematical reasoning in the domain of
geometry [51].

According to [53] generating and processing mental images take place within the
process of acquisition and use of visual-spatial abilities. Spatial reasoning involves 4
classes of image processing, namely generating an image, inspecting an image to answer
questions about it, transforming and operating on an image and maintaining an image in
the service of other mental operations, which are all aspects that propel the development
of figural concepts [53]. Based on this theory, this study explores the impact of spatial
skills in solving coordinate geometry tasks among pre-service teachers.

2. METHOD
The entire research procedure is given below in Figure 1.
Quantitative
analysis
§ 2-tailed t-
= Test items, test
Selection Parg:(;lpa (vls:;llﬁ;lnon
= ru%'ipan answer ,
& a survey
Open ended Coded Qualitative
test items categories Analysis

Results & Discussion

Conclusio
né&
Recomme
ndations

Figure 1. Research Procedures
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This is a mixed methods study where a test was used to collect data from pre-service
teacher participants. However, the data was analysed both quantitatively and qualitatively.
The participants were secondary school pre-service teachers who had already taken
geometry course as part of their training. The forty (40) purposively selected pre-service
teachers answered questions on mathematics content, coordinate geometry in particular,
that were both non-visual (with written words) and visual using graphical representations
with information for the solutions. The non-visual tasks tested the content knowledge
whilst the visual tasks tested the spatial knowledge of PSTs. The pre-service teachers
answered the questions to ascertain their understanding of the topic and to explore their
ability to interpret and analyse visual spatial models to solve mathematical problems in
coordinate geometry. The performance of the pre-service teachers in the two sets of data
(visual and non-visual) were then compared quantitatively to identify some specific trends
in the two performances, in order to establish the relationship between spatial skills and
content knowledge. The means and standard deviations for the two sets of data were
calculated to facilitate the comparison of the two constructs. The means of the two sets of
data were calculated and compared using the paired two tailed t-test to find out whether
there was a significant difference between them. The means were compared at 5% level of
significance. The result of the t-test was followed by a verbal analysis of the outcome [See
table 1].

Qualitative data that allowed pre-service teachers to describe their understanding of
visual-spatial models was categorised and coded as it is given in Table 1. Some categories
that manifested the use of spatial skills were determined from the behaviours observed in
the solution of the problems. For ethical reasons, all the names displayed in the presentation
and analysis of data are pseudonyms. [44] Posit that the ability to represent ideas
graphically (drawing), ability to interpret graphs (showing relations) and the ability to
manipulate relationships (correct answers and breaking set) visually indicates visual-
spatial skills of learners in mathematics [44]. Some categories that manifested the use of
spatial skills were therefore identified from overt behaviours observed in the pre-service
teacher solutions. The Categories manifesting the use of spatial skills (Adapted from [37])

are shown below.
Table 1. The Categories Manifesting the Use of Spatial Skills

No Categories Description

1 Drawing Relation Indicated a marking or drawing with which the pre-service teacher was
attempting to show a mathematical relationship visually rather than just to
keep track of a counting process

2 Correct Answers  Indicated whether or not the pre-service teachers found the correct answer to
the problem. The ability to interpret the visual spatial models would be
evidence of the existence of spatial skills in the PSTs

3 Failure/abilityto  Indicated whether or not the pre-service teachers could demonstrate an ability

Break Set to break the problem apart, did not change a mind-set that would provide an

incomplete or inaccurate solution. Since spatial skills require re-seeing or
looking at something in a new way, inflexibility in breaking a mental set could
indicate a lack of spatial skill use

4 Draw Picture Indicated the drawing of a diagram, graph, chart etc to provide visual or
spatial relationships. Drawing reflects the skill to plan (spatial-visual skill)
before solving a problem, [54]

3. RESULTS AND DISCUSSION

This study explored pre-service teachers’ spatial skills level and how the skills
impacted on their performance in mathematics content, coordinate geometry in particular.
Quantitative and qualitative analyses were carried out to determine the findings described
in the subsequent sections.
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3.1 Quantitative Analysis of Spatial and Content Knowledge

Below is a quantitative presentation and analysis of the results for PSTs’
performance in the non-visual content of CG and spatial tasks in CG. The quantitative data
comprised questions that required PSTs to determine if the given mathematical tasks were
true or false.

Table 1 presents a t-test analysis of the relationship between the two sets of data in
the survey meant to test the PSTs’ content and spatial knowledge. The means (us, p. ) and
standard deviations (s.d) for content data and spatial data are respectively shown in table
1. The p-value for the two sets of data was calculated at 5% significant level using Excel.
The results are shown in Table 1 below.

Table 2. t-Test-Testing the Telationship Between Content and Spatial Knowledge

Content Knowledge Spatial Tasks
Mean (U1, K2 ) 81% 85%
s.d 9.17 15.98
t-experimental 1.1863
p 0.2427

Ho: p2 = g2 (CK and spatial skills are closely related)
Hi: p1 # p2 (There is a significant difference between the two constructs)
P —value = 0.2427 > 0.05.

The results show that we do not reject Ho but rather conclude that there is sufficient
evidence at 95% confidence interval to claim that PSTs content performance is equal to
performance in spatial tasks of CG. This means the two constructs (content and spatial
knowledge) are closely related. This close relationship could be ascribed to the fact that
PSTs were able to interpret and analyse spatial models with ease, which impacted on and
propelled their performance in the content that was non-visual. The result also resonates
with those of [12][25] that showed that the ability to apply spatial skills in mathematics
teaching is interwoven with the understanding of mathematics content and could be
necessary for mathematical reasoning skills. In addition, [13] assert that performance in
spatial reasoning tasks was found to correlate with performance in mathematical tasks. To
confirm this assertion, the raw marks scored by some PSTs indicated that those with lower
marks (below average) in spatial tasks (mean 85%) scored below average in content (mean
81%), for example, R10 had 29% (below average) in spatial tasks and scored 71% (below
average) in content. R32 had 57% in spatial tasks and scored 63% in non-visual-content,
all below average. The same applied to R46 who was below average in both spatial tasks
and non-visual content.

Generally, the study revealed that the PSTs who scored above average in spatial tasks
were also above the average performance in non-visual content except for 3 PSTs only,
viz, R20, R35 and R42 which the researchers considered as insignificant. The general
performance is a reflection of the interdependence that exists between spatial skills and
content knowledge. An analysis of correct and incorrect responses for each guestion item
was also done to ascertain the pre-service teachers’ areas of difficulty. Figure 2 below
summarises the amount of correct responses on the 23 closed questions that needed a
True/False answer.
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Figure 2. The Number of Correct and Incorrect Responses

In Figure 2, questions such as 1, 6 and 17 received the highest score (over 95% of
the PST got them correct) whilst questions 12, 13, 15, and 16 received the lowest scores.
Analysing the questions revealed that PSTs were more successful in tasks that required
substitution into a formula or definitions of concepts, than the ones that needed the use of
graphs/sketches to solve. For example, for question 1 (98%), PSTs were required to find
the length of the line joining 2 points, in which they used the distance formula

V(2 — x1)% + (y, — y1)? to find the answer. Although [32] allude that processes of
spatial thinking may include low levels of thinking, such as recognizing, defining, and
listing, [29] foregrounded that spatial thinking should enshrine advanced thinking of a
spatial nature, based on expert knowledge. It is possible that pre-service teachers could just
use the formula that they internalised before, without clear conception of the formula, and
this conflicts [44]’s definition of spatial ability. On the other hand, question 12 required
PSTs to determine whether y = mx + md is the equation of a line with gradient m and
intercept d on the x axis. The PSTs performance was quite low on this task (53%), implying
that 47% of the PSTs could not get the answer correct. According to [33] the ability to
represent a mathematical situation in the mind’s eye enables learners to organize their
thinking in solving a mathematical problem, hence facilitating conception of ideas. The
fact that most students struggled to answer this question was a signal of a deficit in spatial
awareness because they could not make sense of spatial relationships [2,35]. The authors
believe that the PSTs could have re-written the question in form of a Cartesian graph in
order to demonstrate their conceptual understanding of the gradient of a line. The inability
to demonstrate the relationship between the graph and the equation was enough evidence
of thin spatial ability among students. According to [36], spatial skills should enable
students to translate mathematical symbols/equations into spatial representations that
include graphs. Some PSTs, for example, R3 and R26, sketched the line graph as part of
their working and got the answer correct. This result indicates that the graphs drawn had
considerable impact on R3 and R26°s successful identification of the gradient of the line.
Failure to answer this question was further indicative of the fact that PSTs’ visual-spatial
abilities were generally low as concurred by [44] who argued that spatial ability involves
the capacity to visualise and to graphically represent concepts in mathematics. Drawing
upon the theory of figural concept, [53] explain that generating and processing mental
images take place within the process of using visual-spatial abilities. The researchers
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believe that the graph therefore played an important role in some of the PSTs reasoning on
this question.

3.2 Qualitative Analysis of Spatial and Content Knowledge
Below are example questions adapted from the survey to give information about the
PST’s spatial orientation skills.

Table 3. Example Questions about the PST’s Spatial Orientation Skills

No Questions Item

1  The figure below shows the arrangement of desks in a classroom. Assa, Bernard and 24
Chipo are seated at A(3, 1), B(6, 4) and C(8, 6) respectively.
10

[N |

Rows

B,

8

9
8
4
6
5
4
3
z
1

A
]
1 2 3 45 6 7 8 910
Columns

Do you think Assa, Bernard and Chipo are seated in a line? Give reasons for your

answer.
2 In aclassroom, 4 friends are seated at the points A, B, C and D as shown in figure 35
below.
o) nunE
I 3 3 1 & @ 1 & o 10
! D
3
1
N
: ‘ st
<
Bour
4 7=
: s
L]
111}

Linda and Charles walk into the class and after observing for a few minutes Linda
asks Charles, “Don’t you think ABCD is a square?” Charles disagrees. Find which of
them is correct and why?
3 Study the graph below and find out whether the two linesy = x — 1 and 3x + 4y = 24 26
are perpendicular.

'
0,6 | !
e ]
4
3

3 4y :-i
AN
10 2 3 4 5 T $° | =

7 O, F17]

4 Show whether figure below represent the same general equation i +
is the x-intercept and b is the y-intercept.

% =1, where a 27
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5
\ (0, b &
4 ©,%
3 y-intercent
2
1
(a. ) 5
& o Figure 5a - )/‘T;“’ Bt 7‘-1]0 i Figure 5b

5  Figure below shows the supply and demand of labour for a particular industry in 28 and 29
relation to the wage paid per hour. Supply is the number of people willing to work for
a particular wage, and this increases as the wage paid increases. Demand is the number
of workers that employers are prepared to employ at a particular wage: this is greatest
for low wages.

WA

25
6 supply _ (2500, 6)
= | (1000, 5) "
g5 ° (L. W)
s =
Fu 3 » 2500, 3)
"1 (1000, 3) demand  (2300.3)
O] 1000 1500 2000 2500 L
quantity of labour
(person hours per week)

e In figure above, show all the necessary steps to find the equations representing
the two lines.
¢ In figure above, giving reasons, estimate the values of L and W at which the
market ‘clears’, i.e. at which supply equals demand
6  Figure below shows the curves y = xf —4x+landy=7—-Xx2 32 and 33

\

o Infigure above, giving reasons, find the coordinates of the turning points of the
two curves

e In figure above, state whether the turning points in Figure 7 are minimum or
maximum points on each of the curves. Justify your answer.

In this study, some categories that manifested the use of spatial skills were identified from
the conspicuous trends observed in the PSTs solutions as it is explained in Table 1.

3.2.1 Draw Relation
It was a tall order for most PSTs to form relations between concepts. For example,
on item 27, figures 5a and 5b show two different visual representations of the same

equation g + % = 1. PSTs were expected to use visualisation skills and knowledge of

symbolic language to explain the concept represented by the 2 graphs. The question tested
PSTs understanding of graphical representation, that is, the ability to recognise that a line
can be represented in different forms, thus, externally expressing mental visual model (line
graph) in a different format (equation). A significant number of PSTs (62,1%) had
challenges demonstrating the relationship that bound the two-line graphs [Figure 5]. This
was an illustration of a lack of the skill to process what one could see in order to understand
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and visualise the spatial relationship between the 2 graphs. Taking heed of [20]’s idea,
spatial skills should assist students to understand spatial relationships between images and
help them to visualise various scenarios. [31] concurred that spatial skills afford learners
the ability to transform visual images. So, failure to establish the relationship between the
two graphs and the line g + % = 1 resembled a lack of spatial skills in the PSTs.

In addition, not all participants could visualise that the 4 points on the plane formed
a square on item 25. Although a bigger number were agreeable that the objects formed a
square, the reasons provided were not quite satisfactory. The PSTs concluded that the
figure was a square by just looking at the 4 equal sides displayed on the plane. For example,

R4’s response was as follows.

je«s*\@@!?wa Lot bt.ouuse. ... istan e

qoromfﬁ@hs%%}‘@m(,coandm)
ul'u‘c,l«l\ﬁ ....... g\ri..: .............................................................................................................

.................

Figure 3. PST R4’s Response to Item 25

Participants tended to imagine of a square with 4 equal sides and not the ideal perfect
mathematical square which is the object of mathematical reasoning and includes the
representation of spatial properties [51]. The figure was not just a quadrilateral with 4 equal
sides but also had equal angles which were right angles and had equal diagonals. Their
responses suggested a lack of concept definition of a square. The results showed that 82.1%
against 17.9% of the PSTs had challenges proving that the image was a square. According
to [51], the properties of a geometric figure are derived from definitions in certain
axiomatic systems. This implies that the square in the question had a conceptual nature
controlled by its definition, which the participants failed to realise. In observing the image,
the participants failed to show a thorough understanding of the concept of a square. Unless
participants understand that the image has intrinsically conceptual properties, they would
solve the problem based on what they see only (visual component) yet images and concepts
interact intimately [51]. [51] affirms that most people act as if no other quality counts while
operating with a geometrical figure and this exhibits lack of real conceptual understanding
of the figure. The participants’ inability to prove the square could therefore be an indication
that the figural and conceptual systems have not yet blended in germane figural concepts,
and this reflects visuo-spatial skills deficiency [51]. [52] also stressed the interaction
between a geometrical figure and a geometrical concept, but asserts that, from the students’
perspectives, there can be a tension between the two.

3.2.2 Correct Answer

Visuo-spatial skills have been found to predict mathematical achievement [26][45]
[48] and getting the correct answer without a hint or assistance is a manifestation of spatial
skills in a learner [37]. A significant number of PSTs had correct answers that they obtained
without a hint from most of the tasks in the test. However, the answers were presented in
various forms. Some were verbally described while some were solved with the aid of
images. As for the questions that had images, the interpretation differed. For example, in
item 24, spatial orientation skill appeared to be indicated in several ways where geometric
content was involved. After being asked to find out whether the 3 objects given on a
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Cartesian plane were in a straight line, several PSTs exhibited the skill of ascertaining ideas
through observation of images and ability to determine their position in relation to each
other. This was an exhibition of spatial skills in the PSTs according to [30] who contends
that visual-spatial skills provide learners with the ability to perceive two or more objects
in relation to each other. On the same item 24, a quarter of PSTs (25%) used a ruler to join
the 3 objects, which was however a lower level spatial skill of finding the answer. [32]
contends that processes of spatial thinking may include low levels of thinking, such as
recognizing, defining, and listing. R1 is an example of the PSTs who responded this way:

10
9

Rows

- W &S

A

1 2 3 45 6 7 8 910
Columns

Do you think Assa, Bernard and Chipo are seated in a line? Give reasons for your answer.

Yes they are seated in a line because point A, B and C lie on the same line which is indicated when
drawing a straight connecting the three points which means they must have the same gradient
throughout which suggests that the gradient of segment AB will be equal to the gradient of segment
BC

Figure 4. PST R1’s Response to Item 24

Other PSTs (35%) used algebraic principles of finding the gradients of AB, BC, and
AC whichwere all equal to 1. A few PSTs (10%) made use of distances of segments where
they showed that distances AB + BC = AC. For example R18 wrote:

AB:A\/(6—3)1 +(4-1)" =3v2
AC:W/(B—S)Q +(6-1)° =5v2

BC=¢\/(8—6)2 +(6-4)"=2v2

~AC = AB + BC
HENCE POINTS A, BAND C ARE COLLINEAR
Figure 5. PST R18’s Response to Item 24

A slightly fewer (7.5%) calculated the equation of AB and substituted point C to
ascertain whether C satisfied the equation for line AB. A total of 77.5% PSTs therefore
got the correct answers on item 24 with the aid of the image. They were able to interpret
the image, and solved the problem in various ways and this portrayed some level of visual
spatial skills according to [21] who concurs that spatial ability is the capacity to see, inspect
and reflect on spatial objects, images, relationships and transformations. However, 22.5%
of the PSTs tried to answer the same question by verbally describing the solution and got
the wrong answers. For example, R7 explained that the 3 objects were in a straight line
“because A, B, C form a straight line when joined together.” R46 also wrote, “Yes, because
they are collinear and they are all on the same quadrant.” The different ways with which
the PSTs responded to item 24 confirm the results of the study by [37] that there are two
groups of PSTs mathematics students, namely the low and high spatial orientation groups.
The current study revealed that the low spatial group, that is, those that attempted to solve
the problem by verbally describing the solutions got the answers wrong. The PSTs R7 and
R46 hence portrayed a deficiency of spatial skills on this question. Their performance
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concurs with [37] who explains that any attempt to verbalise the process involved in spatial
thinking ceases to be spatial thinking. [37] emphasised that it is the non-verbal visuo-
spatial apprehension that supports the deductive processes that is involved in solving
geometric problems. The participants (R7 & R46)’s interpretation of the images was
incorrect and they did not have adequate figural concept for the line. With reference to
item 26, some PSTs, by a mere look at the graph, they concluded that the two lines were
perpendicular to each other, which was not correct. For example, R17 wrote: “They are
perpendicular because the two lines slopes are negative reciprocals of each other, they
also form right angles.”

Though the graph was an image and a spatial representation, its properties were
imposed by an abstract definition where the product of the two gradients, after calculating
algebraically, should be a negative one for the two lines to be perpendicular. [51] advises
that PSTs ought to be trained to follow carefully the requirements of the definition,
sometimes in apparent contradiction to the suggestions of the figure, which is a reflection
of visual-spatial skills.

3.2.3 Failure to break set

This study showed that the PSTs who attempted to answer some questions using
verbal descriptions (low spatial orientation group) had challenges in solving some tasks
and the same participants also dominantly failed to break set for geometric problems. In
items 32 and 33 (Figure 7), participants had various ways of interpreting the models
(graphs). In these tasks, PSTs were required to find the coordinates of the turning points
and to determine whether the points were maximum or minimum respectively. The
participants used various approaches to interpret the sketches to find the coordinates of the
turning points and determine their status (max/min). Slightly less than a quarter (22.5%)

used the principle of calculus (differentiation in relation to gradient, e.g. :—x(xz —4x +

1 = 0)) to determine the turning points. Very few (5 %) used the method of completing
the square to find the turning points, for example, if:

y=x?—4x+1

=y = (x-2)? — 3. Therefore, y can be only minimum when (x -2) =0. = x =2 for
y = -3. Hence the minimum point is (2,-3).

A quarter 25% used the concept that a quadratic graph turns at a point where x =
;—Z from the general quadratic equation ax?> + bx + ¢ = 0. R24 presented her answer as

follows:

32. Infigure 6 above, state the coardinates\ufthe_turning points of the two curves
< = -2 — oy = =8 = 2 Lo X2 [ Yoz -3 1p, = (2,-3)
T . S TN T NG V.. S

Figure 6. PST R24’s Response to Item 32

However, it was rather difficult to tell whether the PSTs understood how x = ;—2 was
developed or it was mere memorisation of concepts because most of them could not justify
their responses. No explanation was given regarding the development of x = % to show

conceptualisation of the quadratic graph. Whilst most PSTs could recite x = ~- asan

expression for finding the turning points of a parabola, only a few seemed not to understand
it as the outcome of completing the square of a quadratic expression. This is a confirmation
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of [21]’s study which pointed out that geometry learning today is characterised by
memorising the vocabulary and application of formulae in routine calculations. Slightly
more than half of the PST (52.5%, that is, 22.5 + 5 + 25 %) demonstrated the ability to
describe the 3 models. This ability to interpret visual models and determine algebraically
the concept of the turning point in relation to the given sketches is a reflection of the
presence of spatial skills in the learners [44]. [44]’s view shows that the ability to represent
ideas graphically, the ability to interpret graphs and the ability to manipulate relationships
visually indicates visual-spatial skills of learners in mathematics. However, 47.5% were
not flexible enough to use any one of the models alluded to above to come up with the
corrects answer. Failure to re-visualise the graph in a different format and use the format

to develop the concept x = ;—2 was a reflection of a lack of spatial skills to solve the

problem in the PSTs because students with low spatial skills tend to have problems
understanding material provided [16][17 [18].

In addition, although a significant number of participants got correct answers, PSTs
like R22 and R29 showed that their estimate level was low as reflected by the way they
responded to item 32. Taking heed of [47] study which found that learners with poor visuo-
spatial skills have less accurate estimation performance than those with good visuo-spatial
skills, the low estimate level of the PSTs resonates with low visual spatial skills. In this
question, the visual apprehension of the appropriate points of the figures were tested. R22
and R29 could not even estimate to link their answers to the positions of the graphs on the
plane. For example, on the graph, the turning point of y = 7-x? is on the positive side of the
y-axis but R22 is showing this as negative (1;-2):

1
LRI Y 7. A R L 0 WALt

Figure 7. PST R22’s Response to Item 32

Similarly, R29 is showing the turning point of y = x2 — 4x + 1 as (4;1), as it is shown
below:

32. Infigure 6 above, state the coordinates of the turning points of the two curves

Figure 8 PST R29’s Response to Item 32

However, the position of the turning point is on the negative y-axis. The PSTs could not
therefore change their mental set that provided an incorrect/inappropriate solution.
According to [37], this is indicative of a lack of spatial skills in the PSTs, because
individuals with spatial skills should be able to interpret visual spatial models/graphs.

3.2.4 Draw picture

Drawing is considered as a means of planning and assembling ideas together [54] in
the process of solving mathematical problems. Furthermore, drawing and spatial abilities
share common conceptual ground and are dependent upon spatial abilities [55]. The ability
to make sketches/graphs/charts before answering a problem was considered as a spatial
skill among the PSTs in this study. However, only a few PSTs could draw some lines to
provide visual spatial relationships to solve some tasks in the test. Although there were
few questions in the test that needed drawing, for example item 29, most PSTs had
challenges solving the problems. Item 29 required the PSTs to estimate the values of
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supply (L) and demand (W) at which the market clears. The graph was given but most
PSTs calculated and equated the equations of L and W in order to find the point of
intersection. Whilst this was an acceptable method to find the values of L and W at which
the market clears, there were very few PSTs who got the correct answer because, in the
process, they committed several computational errors. The algebraic principles they tried
to apply failed them. Instead of using the graph to draw horizontal and vertical lines from
the point of intersection to the axes to estimate the solution, most of them were not flexible
enough to use this method which the authors thought was going to be an indication of
spatial orientation skills in the PSTs. This decision was influenced by [37] who posits that
the ability to add marks (to a graph) to show mathematical relationships portrays the spatial
orientation skills in a learner. Among the 40 participants who answered this question, not
even a single participant drew the lines to obtain the solution. [37] contends that high
spatial orientation individuals are therefore better able to estimate the approximate
magnitude of the answer than the verbal orientation ones. Failure to draw the lines was
therefore indicative of low spatial orientation skills. Spatial orientation skills assist
individuals to find their orientation in space through making use of available information
and organising that visual information to create an understanding of meaningful patterns
[20].

4. CONCLUSION

This study explored the relationship between PSTs visual-spatial orientation skills
and their content knowledge in coordinate geometry. The results of the study demonstrated
that the PSTs’ spatial skills were related to their content knowledge in coordinate geometry
as reflected by the quantitative analysis of the study in Table 2. The study also established
that there were some PSTs who employed more verbal descriptions of the relevant
information in a problem than others (See section 3.2.2). Generally, the PSTs who
displayed high spatial visualisation skills are the ones who scored most of the answers
correctly. This is evidence that the PSTs operated at different levels of spatial ability. In
light of this, [37] talks about low and high spatial visualisation skills as well as low and
high verbal skills in solving mathematics problems.

The findings also indicate that only a few PSTs demonstrated adequate figural
concept knowledge relating to coordinate geometry. Some PSTs could hardly identify or
find the turning points appertaining to the prototypical image of the graph in Figure 7
because they focused more on algebraic calculations excluding the figural component of
the image/model, for example, R22 and R29. [53] aver that spatial reasoning involves
generating an image and inspecting the image to answer questions about it. [37] explains
that spatial skills enable the subject to make sense out of visual information. Based on
these results, the authors concluded that the conceptual and figural aspects were not
harmonised in most of the questions, which could be a visual-spatial reasoning deficiency
among PSTSs.

The study recommends that it is necessary for PSTs to focus on the figural concept
aspect of a task in coordinate geometry to demonstrate spatial skills in solving
mathematical problems appertaining to geometry. It is also essential that PSTs are
acquainted with such skills (figural concepts) because teaching for spatial reasoning
requires teachers to have conceptual understanding of properties of figures, their position
in the space, their connectedness between them in the formation of theorems and the
learning of other mathematical concepts [21].
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